3 | Integration

3.1 Differential Forms

We will now consider integration in several variables. In order to smooth our discussion, we need to
consider the concept of differential forms.

226 Definition Consider n variables
L1y L2yeee3Ln

in n-dimensional space (used as the names of the axes), and let

agj n
aj=| | €R” 1<5<Zk,
QAnj
be k < n vectors in R™. Moreover, let {j1,72,...,Jc} C {1,2,...,n} be a collection of k sub-indices.

An elementary k-differential form (k > 1) acting on the vectors a;j, 1 < j < k is defined and denoted by

|Vaj11 a2 cc ajlk-|

Aja1 Qg2 Gk
dxj, Adxj, A--- Adxj, (ar,az,...,ax) = det

Aj1 Q5.2 Qhk

In other words, dxj, A dz;, A--- A dzj, (a1,az2,...,ak) is the z;, x;, ...x;, component of the signed
k-volume of a k-parallelotope in R™ spanned by a;, az,...,ak.

@ By virtue of being a determinant, the wedge product A of differential forms has the following
properties

O anti-commutativity: da A db = —db A da.

@ linearity: d(a + b) = da + db.

® scalar homogeneity: if A\ € R, thendAa = Ada.

O associativity: (da A db) A dc =da A (db A dc)E|

ISy

Anti-commutativity yields
da A da = 0.

227 Example Consider

1
0
—1

a:lr ]ER"’.
-

Then
dz(a) = det(1) =1,

dy(a) = det(0) = 0,

INotice that associativity does not hold for the wedge product of vectors.
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dz(a) = det(—1) = —1,

are the (signed) 1-volumes (that is, the length) of the projections of a onto the coordinate axes.
228 Example In R® we have dx A dy A dz = 0, since we have a repeated variable.

229 Example In R3 we have

dx Adz + 5dz Adx 4+ 4dx A dy — dy Adx + 12dx A de = —4dx A dz 4+ 5dx A dy.

@ In order to avoid redundancy we will make the convention that if a sum of two or more terms have
the same differential form up to permutation of the variables, we will simplify the summands and express
the other differential forms in terms of the one differential form whose indices appear in increasing order.

230 Definition A 0-differential form in R™ is simply a differentiable function in R™.

231 Definition A k-differential form field in R™ is an expression of the form

w = Z @ jy...5i A5, A dxj, A - - dayy,
1<51<j2 < <jr<n

where the aj, ;,... ;. are differentiable functions in R™.

232 Example
g(m,y,z,w) = .’13+y2 +z3 +w4

is a O-form in R*.
233 Example An example of a 1-form field in R3 is

w = xdz + y2dy + zyz3dz.

234 Example An example of a 2-form field in R® is

w = z?dx A dy + y?dy A dz + dz A dex.

235 Example An example of a 3-form field in R3 is

w=(x+y+2)dx Ady Adz.
We shew now how to multiply differential forms.

236 Example The product of the 1-form fields in R3
w1 = ydx + zdy,

wg = —2xdx + 2ydy,
is
w1 Awg = (222 + 2y?)dz A dy.

237 Definition Let f(x1,x2,...,x,) be a 0-form in R™. The exterior derivative df of f is

df =Y &Bld:c,-.
=1 ?
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Furthermore, if
w = f(x1,X2y...,Tn)dzj, Adxj, A+ Adxj,

is a k-form in R™, the exterior derivative dw of w is the (k 4+ 1)-form

dw = df(x1,z2,...,2n) Adxj Adzj, A--- Adxj,.

238 Example If in R?, w = x3y*, then
d(z3y*) = 3z%y*dx + 423y>dy.

239 Example If in R?, w = z2ydx + z3y*dy then

dw = d(z?ydz + 23y*dy)

(2zydzx 4+ z2dy) A dx + (3x%y*dx + 4x3y3dy) A dy
x2dy A dx + 3z%y*dz A dy

= (32%y* — z?)dx A dy

240 Example Consider the change of variables = u + v,y = uv. Then
dx = du + dwv,
dy = vdu + udv,
whence
dz Ady = (u — v)du A dv.
241 Example Consider the transformation of coordinates xyz into uvw coordinates given by

w—_ YtE
Y+ z r+y—+=z

v=x+y+=z, v=

Then
du = dx + dy + d=z,
Yy

z
dv = — dy + dz,
w+2? 7" (Wt 22

y+=z

€T €T
dw = — dx + dy + dz.
T T ety mty+2? T @yt a2

Multiplication gives

zx y(y + 2)

(Wt ty+2)? (y+2)2(ety+z)?
z(y + 2) xy

(y+2)2(x+y+2)? (y+z)2(z+y+2)?

il el ki B VRPR
T y z.
(y+ 2)%(x 4+ y + 2)?

3.2 Zero-Manifolds

242 Definition A 0-dimensional oriented manifold of R™ is simply a point x € R", with a choice of the +
or — sign. A general oriented 0-manifold is a union of oriented points.

du ANdv Adw = (

dx Ady Adz

243 Definition Let M = +{b} U —{a} be an oriented 0-manifold, and let w be a 0-form. Then

[ w=wb) —w).
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Iy

—x has opposite orientation to +x and

[ -]

244 Example Let M = —{(1,0,0)} U +{(1,2,3)} U —{(0, —2, 0)}2 be an oriented 0-manifold, and let
w::c+2y+z2.Then

[ = —w((1.0,0) +0(1,2,3) = w(0,0,3) = (1) + (14) — (—4) = 17.

3.3 One-Manifolds

245 Definition A 1-dimensional oriented manifold of R™ is simply an oriented smooth curve I' € R", with
a choice of a 4 orientation if the curve traverses in the direction of increasing ¢, or with a choice of a —
sign if the curve traverses in the direction of decreasing ¢t. A general oriented 1-manifold is a union of
oriented curves.

Iy

The curve —T" has opposite orientation to I" and

e

d
IFf :R* = R?and ifdT = Lx} , the classical way of writing this is
Y

/?od?.
r

We now turn to the problem of integrating 1-forms.

246 Example Calculate
/ zydz + (z + y)dy
r

where T is the parabola y = z?, x € [—1;2] oriented in the positive direction.

Solution: » We parametrise the curve as ¢ = t,y = t*. Then

zydx + (x + y)dy = t3dt + (t + t?)dt® = (3> + 2t?)d¢t,

2
/w = / (3t3 4 2t%)dt
r —1

2 3,17
- _t3 + _t4:|
[3 4
69
R
What would happen if we had given the curve above a different parametrisation? First observe
that the curve travels from (—1,1) to (2,4) on the parabola y = z?. These conditions are met

with the parametrisation x = vt — 1,y = (vt — 1)2, t € [0;9]. Then
zydz + (@ +y)dy = (VE—1)Pd(VE—1)+ (VE—1) + (VE - D)2)d(VE — 1)?
= B(Wt-1)’+2(Vi-1))d(Vi-1)

1 3 2
= 2—\/2(3(\/2 —1)% + 2(vt — 1)?)dt,

2Do not confuse, say, —{(1,0,0)} with —(1,0,0) = (—1,0,0). The first one means that the point (1,0, 0) is given negative
orientation, the second means that (—1, 0, 0) is the additive inverse of (1,0, 0).
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whence
/w = / @@f—lf+2@f—n)d
r
- {3_ _ A ﬁ _ \/'
4

. 69

= o
as before.

To solve this problem using Maple you may use the code below.

> withistudent[VectorCalculus])
> Linelnt( VectorField( <xxy,x+y> ), Path( <t,t"2>, t=-1..2));

<

|]§> It turns out that if two different parametrisations of the same curve have the same orientation, then
their integrals are equal. Hence, we only need to worry about finding a suitable parametrisation.

247 Example Calculate the line integral
/ y sin xdx + x cos ydy,
r
where T is the line segment from (0, 0) to (1,1) in the positive direction.

Solution: » This line has equation y = x, so we choose the parametrisation x = y = t. The
integral is thus

1
/ﬁmhmﬂm+mcmydy = /)ﬁﬂnt+tamﬂ&
r 0
1
= [t(sinz — cost)]s — / (sint — cost)dt
0
= 2sinl —1,

upon integrating by parts.

To solve this problem using Maple you may use the code below.

> with Student VectorCalculus]):
> Line VectorField( <y*51n(x) xxcos(y)> ), Line(<0,0>,<1,1>));

<

248 Example Calculate the path integral

r+y r—y
—— d —— d
Amz-l—yz y+m2+y2 v

around the closed square I' = ABCD with A = (1,1), B = (—-1,1), C = (—-1,—-1), and D = (1,—-1)
in the direction ABCDA.

Solution: » On AB,y=1,dy =0,onBC,x = —1,de =0,onCD,y = —1,dy = 0, and
on DA, x = 1,dx = 0. The integral is thus

/w = / w + w—i— w—i— w
i R 1 L x+1 +1
T — Yy
— I dx
A :1:2+1 m+/ y+1 +/1w2+1 +/1y2+1
1
_1:132—|—1

= d4arctanz|'

= 2.
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To solve this problem using Maple you may use the code below.

> withistudent[VectorCalculus :

> LinelInt( VectorField( <(X+y;}fx“2+y“2),(x-y)/(xA2+yA2)> ),

> LineSegments(<1l,1>,<-1,1>,<-1,-1>,<1,-1>,<1,1>));

<

@ When the integral is along a closed path, like in the preceding example, it is customary to use the
symbol rather than [ . The positive direction of integration is that sense that when traversing the

r r
path, the area enclosed by the curve is to the left of the curve.

249 Example Calculate the path integral
7{ x2dy + y3de,
r
where T is the ellipse 922 + 4y? = 36 traversed once in the positive sense.

Solution: » Parametrise the ellipse as x = 2cost,y = 3sint,t € [0; 2w]|. Observe that when
traversing this closed curve, the area of the ellipse is on the left hand side of the path, so this
parametrisation traverses the curve in the positive sense. We have

2
f w = ((4cos®t)(3cost) + (9sint)(—2sint))dt
r 0
27
= / (12 cos®t — 18sin® t)dt
0

= 0.

To solve this problem using Maple you may use the code below.

> with%Student[VectorCalculus]): . . .

> LinelInt( VectorField( <y 2,x 2> ),Ellipse(9xx"2 + 4xy~2 -36));
<

250 Definition Let T be a smooth curve. The integral
[ £eoliaxi
r

is called the path integral of f along I'.

251 Example Find /:13||dx|| where I is the triangle starting at A : (—1, —1) to B : (2, —2), and ending
r
in C: (1,2).
. , . , . ] —x—4
Solution: » The lines passing through the given points have equations Lap : y = —
andLBC Y = —4x + 6. On LAB

1\2 1v/10d
z||dx|| = 2\/(dz)? + (dy)? = =/1 + (—g> de = =,

and on Lgc

z||dx|| = z+/(dz)? + (dy)2 = z(\/1 + (—4)*)dz = zv/17dz.
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Hence

z||ldx|| =

—

Lag

/m||dx||+ / || dx||

Lpc

2 x2+v/10d 1
= / u—i—/ vV 17dx
-1 2

V10
2

3\/_

2

To solve this problem using Maple you may use the code below.

> withistudent[VectorCalculus
> PathInt( x,

X,¥] LlneSegmen%s( <-1,-1>, <2,-2>,<1,2> ) );

Figure 3.1: Example

Homework

Problem 3.3.1 Consider /

xdz +ydy and / zyl||dx||.
c

C

1. Evaluate xzdx 4+ ydy where C is the straight

c
line path that starts at (—1,0) goes to (0,1) and
ends at (1, 0), by parametrising this path. Calcu-

late also | =zy||dx|| using this parametrisation.
c

2. Evaluate zdx 4+ ydy where C is the semicircle

c
that starts at (—1,0) goes to (0,1) and ends at
(1, 0), by parametrising this path. Calculate also

zy||dx|| using this parametrisation.

Problem 3.3.2 Find [ xzdxz + ydy where T is the path

r
shewn in figure [32] starting at O(0,0) going on a
straight line to A (4cos § 4sm Z) and continuing on

%)
an arc of a circle to B (4 cos ,4sin %)

0]

Figure 3.2: Problems and[3:3:31

Problem 3.3.3 Find
shewn in figure

z||dx|| where I' is the path

Problem 3.3.4 Find % zdx + xzdy + ydz where T is the
r
intersection of the sphere 2 —|—y2 422 = 1 and the plane

x + y = 1, traversed in the positive direction.
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3.4 Closed and Exact Forms

252 Lemma (Poincaré Lemma) If w is a p-differential form of continuously differentiable functions in
R"™ then
d(dw) = 0.

Proof: We will prove this by induction onp. Forp = 0 if

w= f(X1,T2y...,Tn)
then
dw = Z ——dx,
—1 B:Bk.
and
d(d = d <—> ANd
(dw) kz::l Do T,
n n 82f
= Z Z ——F— ANdz; | Adzg
—1 =1 B:Bja.’ltk
n 82 82
1<j<k<n afltja.’ltk afltka:cj
= 0,

since w is continuously differentiable and so the mixed partial derivatives are equal. Consider
now an arbitrary p-form, p > 0. Since such a form can be written as

w = Z ajljz___jpd:vjl N d:I}j2 JANERID diL‘jp,
1<51<j2<--<jp<n

where the ay, j,...;, are continuous differentiable functions in R™, we have

dw = Z daj1j2___jp AN d:I}jl N d:I}j2 AR diL‘jp
1<51<j2<<jp<n
n
= Z (Z %dmi ANdxj, Adxzj, A--- d.’ij,
1<j1<Ga<nSgp<n \i=1  OFE

it is enough to prove that for each summand
d (da A dzj, Adzj, A---daj,) = 0.

But
d(da A dej, Adzg, A---daj,) = dda A (dej, Adezj, A---daj,)
+da A d (dzj, Adzj, A---dzj,)
= daAd(dz;, Adzj, A---day,)
since dda = 0 from the case p = 0. But an independent induction argument proves that
d (dwj, Adxj, A---daj,) =0,
completing the proof. 4

253 Definition A differential form w is said to be exact if there is a continuously differentiable function

F such that
dF = w.

Free to photocopy and distribute @



Chapter 3

254 Example The differential form
xdx + ydy

is exact, since
1
xzdz + ydy =d (§(m2 + y2)> .

255 Example The differential form
ydx + xdy

is exact, since
ydx + xdy = d (zy) .

256 Example The differential form

T de+—2 4
e P A
$2+y2 $2+y2 Y

is exact, since
T dx + y
£
x? + y? x? + y?

1
dy =d (5 log, (z* + y2)> .

Iy Let w = dF be an exact form. By the Poincaré Lemma Theorem[252, dw = ddF = 0. A result of
Poincaré says that for certain domains (called star-shaped domains) the converse is also true, that is, if
dw = 0 on a star-shaped domain then w is exact.

257 Example Determine whether the differential form

_ 2z(1—eY) " ey
©v= (1 4+ x2)2 ¥ 1+ x2

dy
is exact.

Solution: » Assume there is a function F' such that

dF = w.
By the Chain Rule
AP 8Fd + BFd
= —dx —_—
oz ay Y

This demands that
OF 2z(1-—eY)

o (1+x2)2’
oF e
Oy 142’
We have a choice here of integrating either the first, or the second expression. Since integrating

the second expression (with respect to y) is easier, we find

Y

F(:B, y) = ﬁ + ¢(m)’

where ¢(x) is a function depending only on x. To find it, we differentiate the obtained expres-
sion _for F with respect to x and find

oOF _ 2xeY + (@)
dx (14 22)2 v
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OF
Comparing this with our first expression for e we find

€£r
2x
’ _
that is
¢(w) = _1+:E2 + ¢,
where c is a constant. We then take
e¥ —1
F(x,y) = ——
(@,y) = 7 e +c

<

258 Example Is there a continuously differentiable function such that

dF = w = y223dz + 2xyz3dy + 3zy?2%2dz ?

Solution: » We have
dev = (2yz3dy+ 3y?2%dz) Adx
+(2yz3dx + 2x23dy + 6xyz3dz) A dy
+(3y?2%dx + 6xyz%dy + 62y’2dz) A dz
= 0,

so this form is exact in a star-shaped domain. So put

OF oOF OF 2 3 3 2 o
dFF = —dx 4+ —dy + —dz = y“2z°dx 4+ 2xyz°dy + 3xy“z“d=z.
ox oy 0z
Then OF
— =9y?2® = F =2y?2% +a(y,2),
ox
oF
— =22yz® = F = x2y?2% 4 b(x, 2),
oy
oF

o 3xy’z2? = F = x2y?2® + c(z,y),
z

Comparing these three expressions for F, we obtain F(x,y, z) = xy?z%. <

We have the following equivalent of the Fundamental Theorem of Calculus.

259 Theorem Let U C R"™ be an open set. Assume w = dF is an exact form, and I a path in U with
starting point A and endpoint B. Then

Aw:ABszF(B)—F(A).

In particular, if I is a simple closed path, then
fo-
r

260 Example Evaluate the integral

2x de + 2y d
S m S
f x? 4 y? 2?4y

where T is the closed polygon with vertices at A = (0,0), B = (5,0), C = (7,2), D = (3,2), E = (1,1),
traversed in the order ABCDFEA.
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Solution: » Observe that

d( 2% a4 Y d) Y gy nd 1Y gendy =0
— daz R = - = r— — dax =

CE2 + y2 CE2 + y2 4 (m2 + y2)2 Y (.’1}2 + y2)2 Y ?

and so the form is exact in a start-shaped domain. By virtue of Theorem[259, the integral is 0.

<
261 Example Calculate the path integral
ﬁ(:ﬁ —y)dz + (y* — z)dy,
where T is a loop of 3 + y® — 2ay = 0 traversed once in the positive sense.

Solution: » Since 8 8
— (22 —y)=-1=—(y% —x),
oy (z* —vy) Ba (y* — =)

the form is exact, and since this is a closed simple path, the integral is 0. <«

3.5 Two-Manifolds

262 Definition A 2-dimensional oriented manifold of R? is simply an open set (region) D € R?, where the
+ orientation is counter-clockwise and the — orientation is clockwise. A general oriented 2-manifold is
a union of open sets.

Iy

The region — D has opposite orientation to D and
/ w=— / o,
—D D

A f(z,y)dA

We will often write

where d A denotes the area element.

@ In this section, unless otherwise noticed, we will choose the positive orientation for the regions
considered. This corresponds to using the area form dxzdy.

Let D C R?. Given a function f : D — R, the integral

L[ fdA

is the sum of all the values of f restricted to D. In particular,

/dA

D

is the area of D.

In order to evaluate double integrals, we need the following.

263 Theorem (Fubini’s Theorem) Let D = [a;b] X [c;d], and let f : A — R be continuous. Then

[raa=[(["s@war)ar= [*([ 1@waz) a
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Fubini’s Theorem allows us to convert the double integral into iterated (single) integrals.

264 Example

1 3
/ zydA = / / :Bydy) dz
[0;1] x [2;3] 0 2 5

1
= b/ ——-—2w>dw
0 13
_ {Sm
g 4 o
= 7

Notice that if we had integrated first with respect to x we would have obtained the same result:

[ (fome)ow = [ ([5]) o
= e

Also, this integral is “factorable into  and y pieces” meaning that

Jouemor ™34 = (f =2) (] vv)
- ()

4

To solve this problem using Maple you may use the code below.

> with(student[VectorCalculus%):
> int(x*y, [%X,y]=Region(0..1,2..3));

265 Example We have
4

1
(222 + 52y + 2y?) dedy
0

3
472 5 )
= -+ -y+2y°) dy
3 2
109

12°

/: Al(w + 2y) (22 + ) dedy

To solve this problem using Maple you may use the code below.

> with(Student[VectorCalculus]): .
> int((x + 2*y§*(2*x + vy), [x,y]=Region(3..4,0..1));

In the cases when the domain of integration is not a rectangle, we decompose so that, one variable

is kept constant.

266 Example Find /wy dzdy in the triangle with vertices A : (—1,—1), B : (2,—2), C : (1,2).
D
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—x—4
3
. Now, we draw the region carefully. If we integrate

Solution: » The lines passing through the given points have equations Lap : y =
3r+1

Lpc :y= —4x+6, Leca :y =

first with respect to y, we must divide the region as in figure[3.3, because there are two upper
lines which the upper value of y might be. The lower point of the dashed line is (1, —5/3). The
integral is thus

1 (3z+1)/2 2 —4x+6 11
/ T / y dy dm+/m</ ydy)dm:——.
-1 (—z—4)/3 1 (—z—4)/3 8
If we integrate first with respect to x, we must divide the region as in figure[3.4], because there

are two left-most lines which the left value of x might be. The right point of the dashed line is
(7/4,—1). The integral is thus

-1 (6—y)/4 2 (6—y)/4 11
/ Yy / x dx dy+/ Yy / rdx |dy = ——.
-2 —4-3y -1 (2y—1)/3 8

To solve this problem using Maple you may use the code below.

> with(Student[VectorCalculus]):
> int(x*y, [X,y]=Triangle(<-1,-1>,<2,-2>,<1,2>);

<
—
3 T 3 0
6 4
2 + s 4+ 5 -
| . 4
14/ 1 1 4
I 5T
—+— H—— —+— | =
3 -2 1 i 2 3 -3 2 1 3 1 T
4 | Y I I I I I A
T T T T T T T T T
5 2 1 2 3 4 5 6 7 8 9
3 - -3 -
Figure 3.5: Example 2671
Figure 3.3: Example [266| Figure 3.4: Example 266]
Integration order dydx. Integration order dady.

267 Example Consider the region inside the parallelogram P with vertices at A : (6,3), B : (8,4),
C:(9,6), D:(7,5), as in figure[3.5 Find

/ xy dxdy.
P

Solution: » The lines joining the points have equations

L _.’1}
AB-y—27

LBC: y:2.’1)—12,
3
53
Lpa: y=2x—9.

T
Lep - y=5+
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The integral is thus

4 r2y 5 r(y+12)/2 6 r(y+12)/2 409
/ / xy dedy + / / xy dedy + / / xry dedy = —.
3 J(y+9)/2 4 J(y+9)/2 5 J2y-3 4

To solve this problem using Maple you may use the code below. Notice that we have split the
parallelogram into two triangles.

> with(Student[VecthCalculus;):
> int(x*y, [X,y]=Triangle(<6,3>,<8,4>,<7,5>))

> + int(x*y, [x,y]=Triangle(<8,4>,<9,6>,<7,5>));

<

268 Example Find

Y
dxd
/mz—i-lwy
D

D = {(z,y) € R2|:B > 0,:B2 +y2 <1}

where

Solution: » The integral is 0. Observe that if (x,y) € D then (x, —y) € D. Also, f(x, —y) =

—f(:l:, y) <
5 1
4 1
31
2 1
1
0 —t——
012345
Figure 3.6: Example [269] Figure 3.7: Example 270 Figure 3.8: Example 2711

269 Example Find

Solution: » We have
0<y<4,

We then have

<
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270 Example Find the area of the region

R={(z,y) e R*: VT + /y

Solution: » The area is given by

/dA
D

3
<

Ny

2/1(\/1—w+\/5—1)d:13
570

>1, Vi—z+/1—y>1}.

dy> dx

1—(1—v/1—x)?
1—+/z)2

271 Example Evaluate / |22 4+ y2|/dA, where R is the rectangle [0;v/2] x [0; V2] .
R

Solution:

» The function (z,y) — |z? + y?| jumps every time x? 4 y? is an integer. For

(x,y) € R, we have 0 < z2 + y? < (vV/2)? + (v2)? = 4. Thus we decompose R as the union

of the

Rk={(fﬂ,y)GRz=w20ay20,kéw2+y2<k+1}a

2

1<k<3

/ l2® + y?[dA / lz® + 42| dA
R Ry

1<z2+4y2<2,2>0,y>0

1dA +

2<z24y2<3,2>0,y>0

k € {1,2,3}.

2dA + 3dA.

3<z24y2<4,2>0,y>0

Now the integrals can be computed by realising that they are areas of quarter annuli, and so,

1
kdA=k-= -mw(k+1—Fk) = —.
Rl ) =7

k§m2+y2<k+1’w20’y20

Hence

<

Homework

Problem 3.5.1 Evaluate
3 x

/ / 1 dydx.
1 Jo %

Problem 3.5.2 Let S be the interior and boundary of
the triangle with vertices (0, 0), (2,1), and (2,0). Find

ydA.

the iterated integral

Problem 3.5.3 Let

S={(z,y) eR*:2 >0,y >0, 1 <z”+y* <4}

Find / z2dA.

S

3
/um2+y2ﬂdA=3(1+2+3)= T
R 4 2

k

Problem 3.5.4 Find
D/

D = {(z,y) € R*|y > =,z > ¢y°}.

rydxdy

where

Problem 3.5.5 Find
/(a: + y)(sinz)(siny)dA
b

where D = [0; 7]°.

1 1
Problem 3.5.6 Find / / min(z?, y*)dxdy.
o o
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Two-Manifolds

Problem 3.5.7 Find /
D

zydaxdy where

D= {(z,y) €ER?*: 2> 0,y > 0,9 < 2°+y? < 16,1 < 4

Problem 3.5.8 Evaluate xd A where R is the (unori-

R
ented) circular segment in figure[3.9], which is created by
the intersection of regions

{(z,y) € R? : 2 + y* < 16}

and

(e ys ara),
B

Figure 3.9: Problem [3.5.8

1 1
Problem 3.5.9 Find / / 2e”” dady
0 Y

Problem 3.5.10 Evaluate / min(z, y?)dA.

[0;1]2

Problem 3.5.11 Find

»
ented) AOAB in figure [3.10 with 0(0, 0), A(3,1), and
B(4,4).

zydA, where R is the (unori-

(0]

Figure 3.10: Problem [3.5.11]

Problem 3.5.12 Find

/loge(l +z +y)dA

D

where

D = {(z,y) €ER*|lz >0,y >0,z +y < 1}.

Problem 3.5.13 Evaluate / |z + v*|dA.

[052]2
2_y? < 16}.

Problem 3.5.14 Evaluate | |z +y]|/dA, where R is the

rectangle [0 ;1] x [0 ;2].

Problem 3.5.15 Evaluate | xzdA where R is the quar-

R
ter annulus in figure[3.1T1] which formed by the the area
between the circles =2 + y2 =1and 2 + y2 = 4 in the
first quadrant.

Figure 3.11: Problem[3.5.15]

Problem 3.5.16 Evaluate
R
shaped figure in figure

xdA where R is the E-

Figure 3.12: Problem

cosy
Yy

/2 /2
Problem 3.5.17 Evaluate / / dydzx.
o] T

Problem 3.5.18 Find

2 x 4
Jo ([ av) = [
1 N 2

2
/-
Problem 3.5.19 Find
/23:(332 +4y?)dA

D

sin =% dy

sin 2% dy) dx.
2y

2y

where

D ={(z,y) eR*: " +y* + 2 — ¢y < 1}.
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Problem 3.5.20 Find the area bounded by the ellipses
2 2
z2 + y? =1 and %—l—yz =1, as in figure[3.13]

Figure 3.13: Problem

Problem 3.5.21 Find

/ rxydA
D

DZ{(mvy)€R2:w207y207wy+y+wsl}'

where

Problem 3.5.22 Find
/loge(l + 2 4+ y)dA
b

where

D={(z,y) €ER*:2 >0,y >0,z° +y < 1}.

Problem 3.5.23 Evaluate xdA, where R is the re-

R
gion between the circles ? + y® = 4 and = + y? = 2y,
as shewn in figure

Figure 3.14: Problem [3.5.23]

e®/y

Yy

1 1
Problem 3.5.24 Evaluate / / dydz.
0 z

Problem 3.5.25 Find

/ o — yldA
D

D ={(z,y) €R?: |z| < 1,|y| < 1}.

where

Problem 3.5.26 Find /(23: + 3y + 1) dA, where D is

D
the triangle with vertices at A(—1, —1), B(2, —4), and
c(1,3).

Problem 3.5.27 Let f : [0;1] —]0;4o00] be a decreas-
ing function. Prove that

A 11wf2(w)dw ) / 11f2(w)dw.
Aa:f(a:)da: Af(a:)da:

Problem 3.5.28 Find

/ (@y(x + y))dA

where

D ={(z,y) € R*lz > 0,y > 0,z +y < 1}.

Problem 3.5.29 Let f,g : [0; 1] — [0; 1] be continuous,
with f increasing. Prove that

f(fog)(w)dm < ff(m)dﬂfg(m)dm-

Problem 3.5.30 Compute /(a:y + y°?)dA where

S

S ={(z,y) € R*: |2|"* + |y|"/* < 1}.

Problem 3.5.31 Evaluate

@ b (b2 2 2 2)
/ / emax x“,a“y dydﬂ?,
o 0

where a and b are positive.

Problem 3.5.32 Find / vy dA, where
D
D = {(z,y) € R®:y > 0,(:!3—}—1/)2 < 2z}.

Problem 3.5.33 A rectangle R on the plane is the dis-
joint union R = Up—, Ry, of rectangles Ry. It is known
that at least one side of each of the rectangles Ry is an
integer. Shew that at least one side of R is an integer.
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Change of Variables

Problem 3.5.34 Evaluate Problem 3.5.44 Prove that
1 1 1
// ---/(mla:g---a:n)dmldasg...da:n. /1/1 T—y 1 /1/1 T—y
——dydx = =- = — ———dxdy.
o Jo 0 o Jo (:l:—|—y)3 Y 2 o Jo (w+y)3 Y
Problem 3.5.35 Evaluate Is this a contradiction to Fubini’s Theorem?
1 1 1
/ / / (1 4+ 224+ +xn)deidez...dens.
o Jo 0 Problem 3.5.45 Find
Problem 3.5.36 Let I be the rectangle [1;2] x [1;2] and /di
let f,g be continuous functions f,g : [1;2] — [1;2] A

such that f(z) < g(z). Demonstrate that

where

/ (9(y) — f()) dedy > 0.
' D= {(z,y) €ER’ly > 0,z—y+1>0,z+2y—4 < 0}.

1 1
. ¥ .
Problem 3.5.37 Find A A z¥dxdy. Then demon Problem 3.5.46 Evaluate

1
strate that r ldcc = log 2. 1 oL
o logz lim / / / cos (2—(a:1+a:2+---+a:n))da:1 dza... dz
o Jo 0 n

n— —4oco

Problem 3.5.38 Evaluate
Problem 3.5.47 Let f, g be continuous functions in the

/4/ v \/mdmdy. interval [a; b]. Prove that
vt (@) g(m)r
2 p2 - det de | d
Problem 3.5.39 Evaluate / / y\/1 + z3dady. 2/1 (/1 {f (v) 9(v) ) Y
’ equals
Problem 3.5.40 Evaluate | | —2__dzady. b b b 2
A / Vite ( / (f(w))zdw> ( / (g(w))zdw>—( / (f(w)g(w))dw> -

Problem 3.5.41 Find This is an integral analogue of Lagrange’s Identity. De-

/ #d A duce Cauchy’s Inequality for integrals,
(z +y)*
b

where ( / (f(w)g(w))dw> < ( / (f(w))2dw> ( / (g(w>)2dw>-

D ={(z,y) e R*lz > 1,y > L,z +y < 4}.
Problem 3.5.48 Let a € R,n € N, @ > 0, n > 0. Let

Problem 3.5.42 Prove that f : [0;a] — R be continuous. Prove that
+oo +oo —y o2
/ / 2eVSINY e = L o [o1  [eniz fen
0 o y 16 / / / / (f(z1)f(z2) -+ f(an))dzndan_1...dz2d
) 0 0 0
Problem 3.5.43 Prove that equals
1 ry y 1 a n
————dady = log(1 + V2). _< d) :
//wm y = log(1 +v2) ([ r@as

3.6 Change of Variables

We now perform a multidimensional analogue of the change of variables theorem in one variable.

272 Theorem Let (D, A) € (R™)? be open, bounded sets in R™ with volume and let g : A — D be a
1

| det g’ (u)|
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are bounded on A. For f : D — R bounded and integrable, f o g| det g’(u)| is integrable on A and

/.../sz/.../A(fog)|detg,(u)|a

that is

// flri,x2,...,xn)des Adza A ... Adx,
D

= /---/Af(g(ul,U2,...,un))|detg'(u)|du1/\dug/\.../\dun.

One normally chooses changes of variables that map into rectangular regions, or that simplify the

integrand. Let us start with a rather trivial example.

N I R S -
—d

e IRV RGN
I
T 1

Figure 3.15: Example xy-plane. Figure 3.16: Example uw-plane.

273 Example Evaluate the integral

/ ' / (@ + 29) (22 + y)dady.

Solution: » Observe that we have already computed this integral in example[263. Put
u=x+ 2y — du = dx + 2dy,
v=2xr+y — dv = 2dx + dy,

giving
du A dv = —3dx A dy.

1 2| |z
wo=y 2 [

is a linear transformation, and hence it maps quadrilaterals into quadrilaterals. The corners
of the rectangle in the area of integration in the xzy-plane are (0, 3), (1,3), (1,4), and (0,4),
(traversed counter-clockwise) and they map into (6, 3), (7,5), (9, 6), and (8, 4), respectively, in
the uv-plane (see figure[3.16). The form dx A dy has opposite orientation to du A dv so we use

Now,

dv A du = 3dx A dy
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Change of Variables

instead. The integral sought is

409
/uv dvdu = —,
12

QL =

P
from example[267. «

274 Example The integral

11
/ (z* — y*)dA = / (— — y4> dy = 0.
[051]2 o \5

Evaluate it using the change of variables u = x? — y*,v = 2xy.
Solution: » First we find
du = 2zdx — 2ydy,
dv = 2ydx + 2xdy,

and so
du A dv = (42? + 4y®)dz A dy.

We now determine the region A into which the square D = [0;1]? is mapped. We use the fact

that boundaries will be mapped into boundaries. Put
AB = {(«,0): 0 <z < 1},
BC ={(1,y): 0<y <1},
CD={(1—-=z,1):0< x <1},
DA={(0,1-y):0<y<1}.

On AB we have u = x,v = 0. Since 0 < < 1, AB is thus mapped into the line segment

0<u<1l,v=0.
2

On BC we haveu =1 — y*,v =2y. Thusu =1 — vZ Hence BC' is mapped to the portion of

2
v
the parabola u = 1 — Z’O <wv<2

v
OnCD we have u = (1 — z)? — 1,v = 2(1 — z). This means that u = Z—l,ogvgz.

Finally, on DA, we have u = —(1 — y)?,v = 0. Since 0 < y < 1, DA is mapped into the line
segment —1 < u < 0,v = 0. The region A is thus the area in the uv plane enclosed by the

2 2

v v
parabolas u < Z—l,ugI—Zwith—lgugl,ﬂgvgz

We deduce that

1
zt —yHdA = / 2t —yH)——— dudv
/[0;1]2( v') A( Y )4(:B2 + y?2)

1
= —/ (% — y®)dudv
411 A

= - ududv
A

1 r2 1—v?/4
= —/ </ udu> dv
4 Jo v2/4—1

= 0,

as before. <
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275 Example Find

/e(m3+y3)/wy dA
D
where

D = {(z,y) € R?*|y® — 2pz < 0,2* — 2py < 0,p €]0;+o0] fixed},
using the change of variables z = u?v, y = uv?.

Solution: » We have
dx = 2uvdu + uzdfv,

dy = v3du + 2uvdwv,
dz A dy = 3uv3du A do.
The region transforms into
A = {(u,v) €R*0 < u < (2p)73 0 < w < (2p)V°)
The integral becomes
/f(:v,y)d:vdy = /exp (%) (3u?v?) dudwv
b A

= 3/6 e’ u'v2dudv
A

2
1 (2p)"/®
— g (/ 3u2€u3 du
0

1
= S -1

As an exercise, you may try the (more natural) substitution * = u?v, y® = v?u and verify that
the same result is obtained. <

7T
2
1
0 ———=> — >
™
0 1 _
2
Figure 3.17: Example 276l xy-plane. Figure 3.18: Example 276l uv-plane.

276 Example In this problem we will follow an argument of Calabi, Beukers, and Kock to prove that
+oo 2
1

S 5==
= n2 6
1. P that if S +Z°° 1 th 35 f !
. Prove that if S = —,then —S = -_— .
= n2 4 = (2n —1)2

dxd
2. Prove that E . @n 1)2 / / : :132y
— —x

Free to photocopy and distribute @




Change of Variables

. sinu sinv 1
3. Use the change of variables = = , Y = in order to evaluate
COoSs vV cos U o Jo

1—

Solution: »

1. Observe that the sum of the even terms is

= (2n)2 4~ n? 47’

a quarter of the sum, hence the sum of the odd terms must be three quarters
-S.
4

2. Observe that

1 1 1 2 1 1
— / w2n—2dm E— < > — (/ w2’n—2dw> (/ y2’n—2dy)
2n —1 0 2n —1 0 0

Thus

Jrzo:o (2n—1)2 Z/ / (zy)*"~ 2dwdy—/ /li(wy)zn_zdwdy—/

as claimedﬁ

sin u sinv
3. Ifx = LY = , then
Ccos v cos u

1 dzdy

.’132y2

of the sum,

1.1
= / / (zy)®" 2dxdy.
o Jo

dmdy
[) 1—3}2

dx = (cos u)(secv)du—+(sinu)(secv)(tanv)dv, dy = (secu)(tanu)(sinv)du+(secu)(cos v)dv,

from where

dz A dy = du A dv — (tan? u)(tan? v)du A dv = (1 — (tan? u)(tan? v)) du A dw.
Also,
sin?v  sin?wv
1—2%y?*=1- . =1 — (tan? u)(tan®v).
cos?2v cos?u
This gives
dxdy
——— = dudw.
1— m2y2
. . . sinu sinv
We now have to determine the region that the transformation x = , Y = forms
Ccos v cosu
in the uv-plane. Observe that
1— 92 1—x?
u = arctan x|/ ———, v = arctany .
1— x2 1— y2

This means that the square in the xy-plane in figure[3.17 is transformed into
in the uv-plane in figure[3. 18
We deduce,

the triangle

dwdy w/2 pw/2—v /2 v2 /2 w2 g2 w2
/ / —/ / dudv—/ (7r/2—v)dv_(— ——)‘ = ——— = —,
1_:132 2/ lo 4 8 8

Finally,
3 2 72
-S=— — S=—.
4 8 6
|

3This exchange of integral and sum needs justification. We will accept it for our purposes.
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Homework

Problem 3.6.1 Let D’ = {(u,v) € R®:u < 1,—u < v < u}. Consider

R? — R?

(u,v) (u—zl-v’u;v)-

©® Find the image of ® on D’, that is, find D = &(D").

® Find
/(a:—i—y)zemz_y dA
D

Problem 3.6.2 Using the change of variables = = u? —v% y = 2uv, u > 0, v > 0, evaluate / z2? 4 y2dA,
R

where

R={(z,y) eR*: -1 <z <1,0<y <2\/1— [z]}

Problem 3.6.3 Using the change of variables © = ¢ — y and v = = + y, evaluate / T~ Y 4A, where R is the

rRTTY
square with vertices at (0, 2), (1,1), (2,2), (1, 3).

Problem 3.6.4 Find /f(a:,y)dA where

D={(z,y) ER’la <2y <by>z>0,9°—a®<1,(ab) ER*0<a<b}

and f(z,y) = y* — * by using the change of variables u = zy,v = y? — z*.

Problem 3.6.5 Use the following steps (due to Tom Apostol) in order to prove that
> %=
==
n=1

O Use the series expansion
1

T =14t+t2+t34+..- |t <1,
in order to prove (formally) that
/1 /1 dady i 1
o Jo 1—=y — n?

@ Use the change of variables u = 4+ y, v =  — y to shew that

dzdy ! “ dv 2 2w dv
// 1—xy A (/_u4—u2+v2)du+2z (/L—z 4 — u? + v2 du.

® Shew that the above integral reduces to

2
arctan R du + 2 ————arctan

2 2—u
2 —_— ————— du
A V4 — u? V4 —u? 1 V4 — u? V4 — u?

2
@ Finally, prove that the above integral is % by using the substitution § = arcsin g
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Change to Polar Coordinates

3.7 Change to Polar Coordinates

One of the most common changes of variable is the passage to polar coordinates where
x = pcosd —> dx = cosfdp — psin6dé,
y = psin@ —> dy = sinfOdp + pcos 6d6,

whence
dz A dy = (pcos? 6 + psin® 8)dp A dO = pdp A d6.

277 Example Find

/:cy\/:c2 + y2dA
D

where
D = {(way) S Rzl.’lt >0,y >0,y < w,$2 +y2 < 1}'

Solution: » We use polar coordinates. The region D transforms into the region
™
A = [0;1] x [O;Z].

Therefore the integral becomes

/4 1
/p4 cosfsinf dpdf = (/ cos 0sin @ d0> (/ pt dp)
0 0
1

A
20
|
L | | | | | L | | | ) | | L | | r \ | | | L | | | | | | |
I 1 1 1 1 1 I 1 1 1 1 1 I 1 1 \ J 1 1 1 I 1 1 1 1 1 1 1
Figure 3.19: Example 2771 Figure 3.20: Example Figure 3.21: Example Figure 3.22: Example 280

278 Example Evaluate / xdA, where R is the region bounded by the circles z? +y? = 4 and 2 +y* =
R
2y.

Solution: » Observe that this is problem[3.5.23, Since z* + y* = r?, the radius sweeps from
™
r? = 2rsin@ to r® = 4, that is, from 2sin @ to 2. The angle clearly sweeps from 0 to 3 Thus

w/2 ,2sin@
/ rdA = / r2 cos drdo
R 0 /2

1 /7 . 3
= g/ (8 cos @ — 8 cosBsin” 0)do
0

= 2.
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<
279 Example Find / e—=*~2y=v" 4 A, where
D
D= {(z,y) eR?: 2*> + xy +y*> < 1}.

Solution: » Completing squares

2
2 (V3
o+ oy +y? = (w+%) +<—y> .

2
PutU = x —|— , V= % The integral becomes
2 —my—y? 2 —(U+V?)
/ e Y=Y dxdy = —/ e dUudv.
{z24xy+y2<1} V3 {U24v2<1}

Passing to polar coordinates, the above equals

2 2ol 2 2m
ﬁ/o /0 pe_p dpd@ = ﬁ(l — 6_1).

<

1

WdA over the region {(m,y) ERZ: 2 +y?2 <4,y > 1} (figure[3.22).

280 Example Evaluate /
r

Solution: » The radius sweeps fromr = tor = 2. The desired integral is

sin

;dA = /SW/G/ —drdO
R (x2 4 y2)3/2 £8 g Jesc0 72
= / (sm@ - 5) doe
_ Vi T
3

2 2
281 Example Evaluate / (z® + y®)d A where R is the region bounded by the ellipse w_ + y_ =1 and

the first quadrant, a > 0 and b > 0.
Solution: » Putx = arcos@, y = brsinf. Then
x =arcosd —> dx = acosOdr — ar sin 6d0,

y =brsin —> dy = bsinOdr 4 br cos 6d0,

whence
dz A dy = (abr cos® 0 4 abr sin® 8)dr A dO = abrdr A d6.

Observe that on the ellipse
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Change to Polar Coordinates

Thus the required integral is

L(fv?’ +y%)dA

<

Homework

Problem 3.7.1 Evaluate /
R

o (5) (

15

w/2 ,1
/ / abr*(cos® 0 + sin® 6)drdo

0 0
1 /2
ab (/ r4d'r> (/ (a® cos® 0 + b® sin® 0)d0>
0 0

2a3 + 268

)

3

2ab(a® + b3)

zyd A where R is the region

R ={(z,y) €R?:2” +y* < 16,2 > 1,y > 1},

as in the figure[3.23] Set up the integral in both Cartesian and polar coordinates.

Problem 3.7.2 Find

where

Problem 3.7.3 Find

where

Problem 3.7.4 Find / fdA where
D

Figure 3.23:

f

Problem [3.7.11

—y*)dA

D = {(z,y) € B*|(z — 1)* + * < 1}

/ J/FHdA

D

D = {(z,y) € R*|(2® + y*)* < 2zy}.

D = {(z,y) € R?: b®z? + a®’y® = a’b>, (a, b) €]0; +o0] fixed}

and f(cv,y) =a® + y3'
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Problem 3.7.5 Let a > 0 and b > 0. Prove that

a?b? — a’y? — b2z? dA — wab(w — 2)
r V a?b? 4 a?y? 4 b2x2 - 8 ’
£L‘2 y2
where R is the region bounded by the ellipse 22 + bz = 1 and the first quadrant.

Problem 3.7.6 Prove that
dedy = V2 —1,

Yy
A V2 4+ y?

R={(z,y) eER*:0<z < 1,0< y < z°}.

where

Problem 3.7.7 Prove that the ellipse
(x—2y+3)>°+@Bx+4y—1)°=14

2
bounds an area of ?ﬂ-

Problem 3.7.8 Find

/ z2 4+ y2dA
D

D = {(z,y) € R’|x > 0,y > 0,2° + y* < 1,2° + y° — 2y > 0}.

where

Problem 3.7.9 Find / fdA where
D
D = {(z,y) € R’|ly > 0,2 + y* — 22 < 0}
and f(z,y) = z’y.

Problem 3.7.10 Let D = {(z,y) € R? : > 1,2> 4+ y* < 4}. Find/ zdA.
D

Problem 3.7.11 Find / fdA where
D
D = {(z,y) € R’|z > 1,2° + y* — 22 < 0}

and f(z,y) = ﬁ

Problem 3.7.12 Let
D={(z,y) €R*: 2’ +y* —y < 0,2° +y* —2 < O}
Find the integral

/ (z + y)°dA.
D
Problem 3.7.13 Let D = {(z,y) € R?*|y < 2 + y* < 1}. Compute

/ dA
D (1+w2+y2)2'

Problem 3.7.14 Evaluate
z%y®\ /1 —z* —y*dA
{(z,y)€R2:2>0,y> 0,24 +y4<1}

using z? = pcos6, y*> = psind.
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Problem 3.7.15 William Thompson (Lord Kelvin) is credited to have said: “A mathematician is someone to whom

—+oo
e dx = ﬁ
o 2

is as obvious as twice two is four to you. Liouville was a mathematician.” Prove that

“+oco
e ™ dx = ﬁ
o 2

by following these steps.
©® Let a > 0 be a real number and put D, = {(z,y) € R*|z®> + y* < @*}. Find

I, = / e~ @) qpdy.
® Let a > 0 be a real number and put A, = {(z,y) € R?*||z| < a,|y| < a}. Let
Ja =/ e @) qzdy.

Prove that
I, < Jo < 1, 5.

~+ oo
e " de = ﬁ
o 2

©® Deduce that

1

7. = 2ia<2? 447 < =
Problem 3.7.16 Let D = {(z,y) € R° : 4 < z“ + y° < 16} and f(z,y) e RT—

.Find/f(:v,y)dA.
D

Problem 3.7.17 Prove that every closed convex region in the plane of area > 7w has two points which are two units
apart.

Problem 3.7.18 In the zy-plane, if R is the set of points inside and on a convex polygon, let D(x,y) be the
distance from (x, y) to the nearest point R. Show that

—+oo —+oo
/ / e P@w) dzdy =27+ L+ A,

where L is the perimeter of R and A is the area of R.

3.8 Three-Manifolds

282 Definition A 3-dimensional oriented manifold of R® is simply an open set (body) V € R?, where the
+ orientation is in the direction of the outward pointing normal to the body, and the — orientation is
in the direction of the inward pointing normal to the body. A general oriented 3-manifold is a union of
open sets.

ISy

The region — M has opposite orientation to M and

oL
/Mde
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|]§> In this section, unless otherwise noticed, we will choose the positive orientation for the regions
considered. This corresponds to using the volume formdx A dy A dz.

Let V C R®. Given a function f : V — R, the integral

‘/ fdv

is the sum of all the values of f restricted to V. In particular,

/dV

\4

is the oriented volume of V.

283 Example Find
x2ye™* dV.

[051]8
Solution: » The integral is
1 1 1 1 1
/ (/ (/ x2ye®¥* dz) dy) de = / (/ z(e®™ —1) dy) dx
0 0 0 0 0

1
= /(em—:c—l)dm
° 5

= €e— —.

<

284 Example Find / 2 dV if
R

R={(z,y,2) €ER*|lx >0,y > 0,2 >0,vVZ+ /y+ vz <1},

1 (1-v=)? (1—+vz—v=)?
/ zdxdydz = / z </ </ dy> d:c) dz
R 0 0 0
1 (1—v/z)?
= /z(/ (1—\/_—\/5)2dcc> dz
0 0
1 /1t 4
= —/ z(1 —V2)*dz
6 _Jo

1
840"

Solution: » The integral is

<

285 Example Prove that

a’be
xdV = y
24
v

where V is the tetrahedron

xr z
V={(:B,y,z)€R3:w20,y20,z20,—+%+—Sl}.
a C
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Solution: » We have

/ xdxdydz
v

¢ pb—bz/c ra—ay/b—az/c
(/ /ﬁ /1 xdxdydz
0 0 0
1 c pb—bz/c
Jo )y

2 b c
1 [ca?(—z+¢)’b
= — — 7~ d=z
GJQ c3
_a be
2 24
|
C
/ ———
x B 1

A
Figure 3.25: axy-projection.

Figure 3.24: Problem [286]

286 Example Evaluate the integral | xdV where S is the (unoriented) tetrahedron with vertices (0, 0, 0),
s
(3,2,0), (0,3,0), and (0,0, 2). See figure

Solution: » A short computation shews that the plane passing through (3, 2, 0), (0, 3,0), and
—2x — 6

(0,0, 2) has equation 2x + 6y + 9z = 18. Hence, 0 < z < ° y. We must now figure

out the zy limits of integration. In figure[3.25 we draw the projection of the tetrahedron on the
€

xy plane. The line passing through AB has equation y = —3 + 3. The line passing through

2
AC has equationy = §m

We find, finally,

3

/deV’
s

2
3

3—x/3

x/3 0
3—x

(18—2x—6y)/9

xdzdydx

3

J

/3 18x — 22 — 6yx
9

dydx
z/3

18xy — 222y — 3y%x

3

3—x/3
dx
2x/3

3 /p )
?;——Zw + 3x | dx

B OT— 55— — 55—

To solve this problem using Maple you may use the code below.

> with(Student[VectorCalculus&):
> int(x,[x,y,2z]=Tetrahedron(<0,0,0>,<3,2,0>,<0,3,0>,<0,0,2>));

<
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287 Example Evaluate xyzdV, where R is the solid formed by the intersection of the parabolic
R
cylinder z = 4 — z?, the planes z = 0, y = z, and y = 0. Use the following orders of integration:

1. dzdzdy

2. dedydz

Solution: » We must find the projections of the solid on the the coordinate planes.

1. With the order dzdxdy, the limits of integration of z can only depend, if at all, on x and y.
Given an arbitrary point in the solid, its lowest z coordinate is 0 and its highest one is on
the cylinder; so the limits for z are from z = 0 to z = 4 — 2. The projection of the solid on
the xy-plane is the area bounded by the lines y = x, * = 2, and the x and y axes.

2 y 4—a? 1 2 y
/ / / ryzdzdzdy = - / / zy(4 — %)% dady
o Jo Jo 2 Jo, Jo

1 Y
= = / y(16x — 823 4 z°)dzdy
2 Jo Jo

3 5 y"
A(y y+12>y

= 8.

2. With the order dedydz, the limits of integration of x can only depend, if at all, ony and z.
Given an arbitrary point in the solid, * sweeps from the plane to x = 2, so the limits for
x are fromx = y to x = +/4 — z. The projection of the solid on the yz-plane is the area
bounded by z = 4 — y?, and the z and y axes.

1)4 /)m /: ryzdxdydz = %4[)4 Ai@y — y®)zdydz
- [[=-5)e
_ s
|
Homework

Problem 3.8.1 Compute / zdV where FE is the region in the first octant bounded by the planes y + z = 1 and

E
x4+ z=1.

2

Problem 3.8.2 Consider the solid S in the first octant, bounded by the parabolic cylinder z = 2 — % and the

TYyz = g first by integrating in the order dzdydz, and then by

planes z = 0, y = x, and y = 0. Prove that/
s

integrating in the order dydzdz.

Problem 3.8.3 Evaluate the integrals /

1dV and / xdV, where R is the tetrahedron with vertices at (0, 0, 0),
R R
(1,1,1). (1,0,0), and (0,0, 1).

Problem 3.8.4 Compute / xdV where FE is the region in the first octant bounded by the plane y = 3z and the
E
cylinder z2 + y2 =09.
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Change of Variables

dv
Problem 3.8.5 Find where
/ a+
D

2222)(1 1 y°22)

D ={(z,y,2) eR*:0<2<1,0<y<1,z>0}

3.9 Change of Variables
288 Example Find

/<m+y+z>(w+y—z>(w—y—z>dm
R

where R is the tetrahedron bounded by the planesz+y+2 =0,z +y—2=0,x —y — z = 0, and
20 — z = 1.

Solution: » We make the change of variables
u=x+y+z — du=dx + dy + dz,
v=x+y— 2z — dv=dx+dy —dz,
w=zx—y—2z — dw=dx —dy — d=z.

This gives
du Adv Adw = —4dx A dy A dz.

These forms have opposite orientations, so we choose, say,
du Adw Adv = 4dx A dy Adz
which have the same orientation. Also,
20 —z=1 — u+ v+ 2w = 2.

The tetrahedron in the xyz-coordinate frame is mapped into a tetrahedron bounded by u = 0,
v =0, u+ v+ 2w = 1 in the uwvw-coordinate frame. The integral becomes

1 2 rl—w/2 p2—v—2w 1
—/ / / uwvw dudwdv = —.
4 Jo Jo ) 180

Consider a transformation to cylindrical coordinates
(x,y,2) = (pcos B, psinb, z).
From what we know about polar coordinates
dx A dy = pdp A d6.
Since the wedge product of forms is associative,
dz Ady Adz = pdp AdB A dz.

|
289 Example Find / 2dadydz if
R

R={(z,y,2) €R3|z* +3y* < 1,0 < z < 1}.
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Solution: » The region of integration is mapped into
A = [0;27] X [0;1] X [051]

through a cylindrical coordinate change. The integral is therefore

Af(:c,y, z)dedydz = (fﬂ d0> ([)lpdp) (I 22 dz>

w3

<

290 Example Evaluate / (z® + y?)dadydz over the first octant region bounded by the cylinders x? +
D
y>’=1landz®>+y? =4and theplanes z =0,z =1,z =0,z = y.

Solution: » The integral is
1 /2 p2 157
/ / / p3dpdodz = —.
o Jx/a J1 16
<

291 Example Three long cylinders of radius R intersect at right angles. Find the volume of their inter-
section.

Solution: » Let V be the desired volume. By symmetry, V = 2*V’, where
V' = / dzdydz,

D/:{(way’z) GR:}:OSySmaOSZawz"'_yz SRz,y2+Z2 SRz,Z2—|—m2 SR2}'

In this case it is easier to integrate with respect to z first. Using cylindrical coordinates

= {(G,p,z) € [0; %] X [05 R] X [054+00[,0 < z < 1/ R2 —p2cos20}.

Now,
/4 R v/ R2—p2cos2 0
vV = / (/ (/ dz> pdp) do
/4
= / (/ p\/R2 — p? cos? 0dp> deo
— Rz — 3/2
= A 3cos2 P [( p? cos? ) ] do
R® [7/41 —sin®6
= —/ ——déb
3 Jo cos2 0
= R3
u = cos 0 3 [tan 0]77/4 / )
R3 2
= 5 (1 — [u™t +u], )
_ V2 — 1R3.
V2
Finally
V =16V’ = 8(2 — V2)R®.
<
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Change of Variables

Consider now a change to spherical coordinates

T = pcosfsing, y= psinfsing, z = pcosap.

We have
dr = cos0Osin¢dp — psinb sin pdO + p cos 0 cos pdo,
dy = sin@sin¢dp + pcos B sin pdf 4 psin 6 cos pdo,
dz = cos¢dp — psingdo.

This gives

dx Ady Adz = —p?singpdp A dO A do.

From this derivation, the form dp A d@ A d¢ is negatively oriented, and so we choose
dz Ady Adz = p?singpdp A do A dO

instead.

292 Example Let (a, b, ¢) €]0; +oo[? be fixed. Find / zyz AV if
R
m2 y2 22
R={(m,yaz)€R3=—+—+—§1,m20ay20,220}-
a? b2 c2

Solution: » We use spherical coordinates, where
(x,y,2) = (apcos O sin ¢, bpsin O sin ¢, cp cos ¢).

We have
dxz A dy A dz = abcp? sinpdp A do A dp.

The integration region is mapped into
™ ™
A =[051] x [05 ] x [05 ]

The integral becomes

w/ y )
(abe)® <A 2C0505in0 d0> (Al p° dP) <A 2cos3¢)sin¢> d¢>> = (a::;) .

293 Example Let V = {(z,y,2) € R®: 22 + y?> + 22 < 9,1 < 2z < 2}. Then

2w ,w/2—arcsinl/3 2/ cos¢
/ dedydz = / / / p? sin ¢ dpdpdo
0 1

& 7/2—arcsin2/3 / cos ¢
63w
1

<

Homework

Problem 3.9.1 Consider the region R below the cone z = /x2 + y? and above the paraboloid z = z2 + y2 for
0 < z < 1. Set up integrals for the volume of this region in Cartesian, cylindrical and spherical coordinates. Also,
find this volume.

Problem 3.9.2 Consider the integral / xdV, where R is the region above the paraboloid z = 2 4+ y* and under
R

the sphere z* 4+ y® + 2> = 4. Set up integrals for the volume of this region in Cartesian, cylindrical and spherical
coordinates. Also, find this volume.
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Problem 3.9.3 Consider the region R bounded by the sphere > 4+ y®> 4+ 2? = 4 and the plane z = 1. Set up
integrals for the volume of this region in Cartesian, cylindrical and spherical coordinates. Also, find this volume.

Problem 3.9.4 Prove that the volume enclosed by the ellipsoid

4mabe

. Herea >0,b > 0,c > 0.

Problem 3.9.5 Compute | ydV where E is the region between the cylinders x> +y?> = 1 and ® + y? = 4, below

E
the plane  — z = —2 and above the xzy-plane.

Problem 3.9.6 Prove that
/ e_\/mdv =7 (2 —2e B _2Re B — R2e_R) .

*>0,y>0
z2+4+y2+4+22<R?

Problem 3.9.7 Compute / y?22dV where E is bounded by the paraboloid x =1 — y? — 2? and the plane = 0.
E

Problem 3.9.8 Compute zy/x2 4+ y2 4+ 22dV where FE is is the upper solid hemisphere bounded by the zy-

E
plane and the sphere of radius 1 about the origin.

Problem 3.9.9 Compute the 4-dimensional integral

2 2 2 2
e® TV T drdydudoy.

@2 4y2ful+v2<1
Problem 3.9.10 (Putnam Exam 1984) Find

/wlygzs(l —x —y — z)* dedydz,
R

where
R={(z,y,2) €eR*:2 >0,y >0,z >0,z +y+ 2 < 1}.

3.10 Surface Integrals

294 Definition A 2-dimensional oriented manifold of R® is simply a smooth surface D € R3, where the +
orientation is in the direction of the outward normal pointing away from the origin and the — orientation
is in the direction of the inward normal pointing towards the origin. A general oriented 2-manifold in
R? is a union of surfaces.

ISy

The surface —3. has opposite orientation to ¥ and

e

|]§> In this section, unless otherwise noticed, we will choose the positive orientation for the regions
considered. This corresponds to using the ordered basis

{dy A dz, dz A dz, dz A dy}.
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Surface Integrals

295 Definition Let f : R® — R. The integral of f over the smooth surface X (oriented in the positive
sense) is given by the expression

[ 1llazx]

>

||a%x|| = \/(d:v Ady)2 + (dz A dx)? + (dy A dz)?

is the surface area element.

Here

296 Example Evaluate / z||d*x|| where X is the outer surface of the section of the paraboloid z =

by
2 +94%,0<2< 1.

Solution: » We parametrise the paraboloid as follows. Let x = u,y = v,z = u? + v°.
Observe that the domain D of ¥ is the unit disk u? + v < 1. We see that

dx A dy = du A dv,

dy A dz = —2udu A dv,

dz Adx = —2vdu A dv,

and so
||d2x|| = +/1 4+ 4u? + 4v2du A do.

Now,

/z||d2x|| = /(u2 + vz)\/l + 4u? + 4v2dudv.
by D
To evaluate this last integral we use polar coordinates, and so
27 1
/(u2 + vz)\/l + 4u? + 4v2dudv = / / p3\/1 + 4p%2dpdé
b 0 0 )
™
= —(vV5+2).
12 ( + 5 )
<

297 Example Find the area of that part of the cylinder 2 +y? = 2y lying inside the sphere ?4y?+42% =
4.

Solution: » We have
2+ y? =2y <— :132+(y—1)2=1.

We parametrise the cylinder by putting = cosu,y — 1 = sinu, and z = v. Hence

dx = — sinudu, dy = cosudu, dz = dv,
whence
dx Ady = 0,dy A dz = cosudu A dv,dz A dx = sinudu A dv,
and so
|@2x|| = \/(dz Ady)? + (dz A dz)? 4 (dy A dz)?
= y/cos?u + sin?u du A dv
= du Adwv.
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The cylinder and the sphere intersect when 2 + y? = 2y and x2 + y? + 22 = 4, that is, when
22 =4—2y,ie. v? =4 —2(1+sinu) = 2 — 2sinu. Also 0 < u < 7. The integral is thus

Vv2—2sinu

= 2\/§/ﬂ\/1—sinudu
= 2vV2(4V2-4).

/||d2X|| = /ﬂ/ e dvdu:/ﬂ2\/2—2sinudu
o J- 0
)

<

298 Example Evaluate
/:cdydz + (22 — zx)dzdz — zydzdy,
p)

where ¥ is the top side of the triangle with vertices at (2, 0, 0), (0,2, 0), (0,0, 4).

Solution: » Observe that the plane passing through the three given points has equation
2x + 2y + z = 4. We project this plane onto the coordinate axes obtaining

4 2-2/2 8
/mdydz:/ / (2—y—2/2)dydz = —,
s o Jo 3

2 p4—22

/(z2 — zx)dzdz = / / (22 — zz)dzdx = 8,
o Jo

£

2 2—y 2
— /mydmdy = —/ / zydxedy = ——,
4 o Jo 3

/mdydz + (22 — zz)dzdz — zydzdy = 10.
p>

and hence

<

Homework

Problem 3.10.1 Evaluate /y||d2x|| where ¥ is the surface z =z + y%,0< 2 < 1,0 < y < 2.
b3

Problem 3.10.2 Consider the cone z = {/«? 4 y2. Find the surface area of the part of the cone which lies between
the planes z = 1 and z = 2.

Problem 3.10.3 Evaluate /a:2 | |d2x|| where X is the surface of the unit sphere z% + y2 + 22 =1.

=

Problem 3.10.4 Evaluate / z| |d2x|| over the conical surface z = \/x2 + y2 between z = 0 and z = 1.
s

Problem 3.10.5 You put a perfectly spherical egg through an egg slicer, resulting in n slices of identical height,
but you forgot to peel it first! Shew that the amount of egg shell in any of the slices is the same. Your argument
must use surface integrals.

Free to photocopy and distribute
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Problem 3.10.6 Evaluate
/mydydz — z?dzdz + (x + z)dzdy,

>

where X is the top of the triangular region of the plane 2z 4 2y + z = 6 bounded by the first octant.

3.11 Green’s, Stokes’, and Gauss’ Theorems

We are now in position to state the general Stoke’s Theorem.

299 Theorem (General Stoke’s Theorem) Let M be a smooth oriented manifold, having boundary oM.
If w is a differential form, then
/ w = / dw.
oM M

In R?, if w is a 1-form, this takes the name of Green’s Theorem.
300 Example Evaluate 7{ (z — y®)dx + x3dy where C is the circle * + y? = 1.
c

Solution: » We will first use Green’s Theorem and then evaluate the integral directly. We
have

de = d(z— 9> Adx+d(z®) Ady
= (dz — 3y*dy) Adz + (3z%dz) A dy
(3y? + 32?)dx A dy.

The region M is the area enclosed by the circle ? + y?> = 1. Thus by Green’s Theorem, and
using polar coordinates,

7{ (x —y®)dx + z3dy = / (3y* + 3z?)dxdy
¢ 1\4‘1\' 1
= ! / 3p°pdpd6
o Jo
- 7
= -5
Aliter: We can evaluate this integral directly, again resorting to polar coordinates.
27
7{ (x —y®)dx + 23dy = / (cos @ — sin® 0) (— sin 8)dO + (cos® 0)(cos 6)do
c 0
27

= (sin* @ + cos* O — sin 6 cos 0)d#.
0

To evaluate the last integral, observe that 1 = (sin? 8 4 cos? 6)? = sin® 6 + 2sin? 6 cos? 6 +
cos? 8, whence the integral equals

0
™

2 27
/ (sin* @ + cos* § — sinf cos9)dd = Z (1 — 2sin® @ cos? @ — sin @ cos 6)dO
0
2
<

In general, let
w = f(.’l), y)dm + g(ma y)dy
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be a 1-form in R2. Then
dw = df(ma y) A dx + dg(.’l), y) A dy
o o o o
<—f(w, y)dx + — f(x, y)dy> Adz + (—g(w, y)dz + —g(x, y)dy> A dy
oz dy oz dy

0 0
= (539 v) — 5 f(@v)) dwndy

which gives the classical Green’s Theorem
1o} o
/ f(z,y)dz + g(z,y)dy = / <—g(w,y) - —f(w,y)> dzdy.
ox oy
oM M

In R3, if w is a 2-form, the above theorem takes the name of Gau$’ or the Divergence Theorem.

301 Example Evaluate / (x — y)dydz + zdzdx — ydaxdy where S is the surface of the sphere
s

m2+y2+22:9

and the positive direction is the outward normal.

Solution: » The region M is the interior of the sphere x? 4+ y? + 2> = 9. Now,

dw = (dz—dy)AdyAdz+dzAdzAde—dyAdeAdy
dx A dy A dz.
The integral becomes
4
/ dzdydz = ?"(27)
M

= 36m.

Aliter: We could evaluate this integral directly. We have
/ (x — y)dydz = / zdydz,
p) =
since (x,y, z) — —y is an odd function of y and the domain of integration is symmetric with

respect to y. Now,
3 27
/ zdydz = / / |p|\/9 — p2dpdO
= -3.Jo

= 36m.

/ zdzdx = 0,
by

since (x,y,z) — z is an odd function of z and the domain of integration is symmetric with
respect to z. Similarly

Also

/ —ydxdy = 0,
=

since (x,y, z) — —y is an odd function of y and the domain of integration is symmetric with
respecttoy. <

In general, let

w = f(x,y,2)dy Adz + g(x,y, z)dz Adxz + h(z,y, z)dz A dy
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be a 2-form in R3. Then
dw = df(=z,y,2z)dy Adz + dg(x,y, z)dz A dx + dh(x,y, z)dx A dy
o o o
= <_f(wa Y, 'z)d:B + —f(z, vy, Z)dy + —f(=z, v, Z)dz> ANdy Adz
ox 5 oy 5 0z 5
+ <—g(m, y,z)de + —g(x,y, 2)dy + —g(x, y, z)dz> Adz Adz
ox o o0z
17 7]
+ (—h(m, y,z)de + —h(x,y, 2)dy + —h(z,y, z)dz) ANdx A dy
5 ox 5 oy 5 0z
= <_f(way’ Z) + —9g(z,v, Z) + —h(z,y, z)) dz A dy A dz,
ox oy 0z

which gives the classical Gauss’s Theorem

7] 7] o)
[ 1@y 2)dydz+a (@ v, 2)dzdath(e, v 2)dady = [ (S-F@.9.2) + 5oa(@.9.2) + 5 -h(z.3,2) ) dadydz.
x y z
oM M

Using classical notation, if

f(ma Y, Z) dydz
N —
a = |g(x,y,2)|,dS = |dzdx]|,
h(x,y, z) dxdy

then

/(Vo?)dV: /?.dg’.
M oM

The classical Stokes’ Theorem occurs when w is a 1-form in R3.

302 Example Evaluate 7{ ydx + (2z — z)dy + (2 — z)dz where C is the intersection of the sphere
c

x? 4+ y? + 22 = 4 and the plane z = 1.

Solution: » We have

dw = (dy) Adz+ (2dz —dz) Ady + (dz — dz) Ad=z
= —dxAdy+ 2dx Ady+dy Adz +dz Adx
= dxAdy +dy Adz+ dz Ade.

Since on C, z = 1, the surface ¥ on which we are integrating is the inside of the circle > +
y?+1=4,ie., x?+ y? = 3. Also, z = 1 implies dz = 0 and so

/dw = /dccdy.
! !

Since this is just the area of the circular region 2 + y? < 3, the integral evaluates to

/dmdy = 3.
by
<

In general, let
w = f(.’l}, Y, z)dm + g(m, Y, z)dy + +h($, Y, z)dz
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be a 1-form in R3. Then
dw = df(z,y,2) ANdx + dg(x,y,2) Ady + dh(x,y,z) Adz
7] 17 17
= (—f(.’l), Y, z)dm + —f(.’l), Y, z)dy + —f(.’l), Y, z)dz) Adz
8:38 8y8 Bza
+ (—g(w, y,z)dz + —g(z,y,2)dy + —g(z, v, Z)dZ> A dy
8:38 8y8 8z8
+ (—h(:c, y,z)de + —h(z,y, z)dy + —h(z, y, z)dz) Adz
oz dy 0z
17 17
= (—h(.’l}, Y, z) - —g(m, y,z)> dy/\dz
oy o0z
17 17
+ (—f(.’l), y,z) - —h(.’l), Y, Z)) dz Adz
0z ox

o) bo)
<_g(m7 Yy, z) - _f(ma Y, Z)) dz A dy
oz 8y
which gives the classical Stokes’ Theorem

/ f(wa Y, Z)d:L' + g(iB, Y, z)dy + h(ma Y, Z)dz
oM

/(— ( )__8 ( ))
= h(xz,y,z T,y,z) | dydz
) Yy glx,y Y

17) 17)
+ (—g(.’l), Y, z) - —f(.’l), Y, Z)) dwdy
oz ox

o o
+ ( h(iL‘, y,Z) - f(wa y,z)) dzdy.
ox oy

Using classical notation, if

{f(wa Y, Z)-I dz _ {dydz-l
a = |g(z,y,2)|, dT = |dy|, dS = |dzdz|,
) A 1 R
then B
AZ(VX a)edS zaéaodr.
Homework

Problem 3.11.1 Evaluate % x®ydz + xydy where C is the square with vertices at (0, 0), (2, 0), (2,2) and (0, 2).
c

Problem 3.11.2 Consider the triangle A with vertices A : (0,0), B : (1,1), C : (—2,2).
@ If Lpq denotes the equation of the line joining P and Q find Lap, Lac, and Lsc.
6 Evaluate
7{ y2dz + xdy.
N

® Find
/(1 — 2y)dx A dy
2

where 2 is the interior of A.
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Problem 3.11.3 Problems [I] through [ refer to the differential form
w = xdy ANdz + ydz A dx + 2zdx A dy,

and the solid M whose boundaries are the paraboloid z = 1 — z® — y? 0 < z < 1 and the disc 2% + y* < 1,
z = 0. The surface M of the solid is positively oriented upon considering outward normals.

1. Prove that dw = 4dx A dy A d=z.

l—x“—y
2. Prove that in Cartesian coordinates, / w = / / / 4dzdydex.
—1 0

27 1 1—7r
3. Prove that in cylindrical coordinates, / dw = / / / 4rdzdrdé.
M ) ) 0

4. Prove that / xdydz + ydzdx + 2zdxdy = 2.
aM

Problem 3.11.4 Problems [I] through [ refer to the box
M ={(z,y,2) €eR*:0<2<1,0<y<10<z< 2},

the upper face of the box
U={(z,y,2) eR*:0<2<1,0<y<1, z=2}

the boundary of the box without the upper top S = 8 M \ U, and the differential form
w = (arctany — 2°)dy A dz + (coszsinz — y®)dz A dz + (222 + 6zy”)dz A dy.
1. Prove that dw = 3y?*dz A dy A dz.

2. Prove that (arctany x?)dydz+ (cos x sin z —y?)dzdx + (2zx+ 62y )dxdy = / / / 3y’dzdydz =

2. Here the boundary of the box is positively oriented considering outward normals.

3. Prove that the integral on the upper face of the box is / (arctany — 2°)dydz + (cosz sinz — y°)dzdz +
U
1,1
(2zx + 62y®)dady = / / 4z 4+ 12y*dzdy = 6.
) )

4. Prove that the integral on the open box is / (arctany — x*)dydz + (cos x sinz — y°)dzdx + (2zx +
dM\U
6zy°)dxdy = —4.

Problem 3.11.5 Problems[I]through @ refer to a triangular surface T in R? and a differential form w. The vertices
of T are at A(6,0,0), B(0,12,0), and C(0,0,3). The boundary of of the triangle OT is oriented positively by
starting at A, continuing to B, following to C, and ending again at A. The surface T is oriented positively by
considering the top of the triangle, as viewed from a point far above the triangle. The differential form is

2
w = (2zz + arctane”)dz + (zz + (y + 1)) dy + <wy + y? + log(1 + z2)> dz

1. Prove that the equation of the plane that contains the triangle T is 2z 4+ y 4+ 4z = 12.
2. Prove that dw = ydy A dz 4+ (2= — y) dz A dz 4 zdx A dy.

3 pl12-4z
3. Prove that/ (2zz + arctan e”) dz+(xzz + (y + 1)¥) dy+ <wy + =— +log(1+ = )) / / ydydz+
o Jo

3—x/2 or
/ / 2xdzdxz=108.

Problem 3.11.6 Use Green’s Theorem to prove that
/(m2 + 2y°)dy = 16m,
r

where T is the circle (z — 2)? + y® = 4. Also, prove this directly by using a path integral.

Free to photocopy and distribute




Chapter 3

Problem 3.11.7 Let I denote the curve of intersection of the plane +y = 2 and the sphere #>—2z+y?>—2y+2° =
0, oriented clockwise when viewed from the origin. Use Stoke’s Theorem to prove that

/yd:c + zdy + zdz = —27V/2.

r

Prove this directly by parametrising the boundary of the surface and evaluating the path integral.

Problem 3.11.8 Use Green’s Theorem to evaluate
$ @ —yhas+ @ 4y,
c

where C is the positively oriented boundary of the region between the circles 2> + y? = 2 and 2 + y* = 4.
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A | Answers and Hints

1.1.1 No. The zero vector 0, has magnitude but no direction.

— — — — — — — — —
1.1.2 We have 2BC = BE + EC. By Chasles’ Rule AC = AE 4+ EC, and BD = BE + ED. We deduce that
— —_— — — —— — — —
AC+BD=AE+ECH+BE+ED=AD+B
— —
But since ABCD is a parallelogram, AD = BC. Hence
— — — — —
C+ BD = AD + BC = 2BC.
— — — — — —
1.1.4 We have IA = —3IB <= IA = —3(IA 4+ AB) = —3IA — 3AB. Thus we deduce
— — — — —
IA + 3IA = -3AB <= 4IA = —-3AB
— —
<= 4AI =3AB
— 33—
<~ I=-AB
4
Similarly
— 1— — —
JA=—-2-JB <= 3JA=-J
3 — — —
<~ 3JA=-JA-AB
— —
< 4JA =-—-AB
— 1-—
= J=-AB

— 33— —
Thus we take I such that AI = ZAB and J such that AJ = ZAB'

Now
— — — — —
MA +3MB = MI+IA + 3IB
— — —
= 4MI+IA 4+ 3IB
—
= 4MI,
and
— — — — — —
SMA+MB = 3MJ+3JA4+MJHJ
— —
= 4MJ+3JA+1J
—
4MJ
1.1.5
r+l=t=2—-—y — y=—-xz+1
4 3 4 2 1
1.1.6 a—?,ﬂ—?,l— g,m—g,n— g
1.1.8 [Al. 0.[B]. 0.[Cl. 0.[D]. 0.[El. 2¢ (= 2d)
1.3.2 Plainly,
a b—a |—1 a+b |1l
= +
1
1.4.1 a =-3,b= -5
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Appendix A

1.4.2 The desired transformations are in figures[A.1] through [A.3]

5 s 5

4 4 4

3 3 3

2 5 2

1 ] 1

0 o 0

-1 4 -1

-2 - -2

-3 3 -3

-4 4 -4

4 3 2 10 1 2 3 4 5 T 5 5 T 0 T 3 3 1 s 4 -3 2 -1 0 1 2 3 4 5

Figure A.1: Horizontal Figure A.2: Vertical Stretch. F igu.re A.3: Horizontal and
Stretch. Vertical Stretch.

1.4.3 The desired transformations are shewn in figures through [AZ|[A77]

5 5 5 5
4 4 4 4
3 3 3 3
2 2 2 2
1 1 1 1
0 0 0 0
1 1 1 1
2 2 2 2
3 3 3 3
4 4 4 4

4 3 210 1t 2 3 45 432414012 3 45 432101 2 3 45 43 -2-101 2 3 45

Figure A.4: Levogyrate rota- Figure A.5: Levogyrate rota- Figure A.6: Dextrogyrate ro- Figure A.7: Dextrogyrate ro-
tion g radians. tion Z radians. tation g radians. tation g radians.

1.4.8 The transformations are shewn in figures through[A 10,

5 5 5

4 4 4

3 3 3

2 2 2

1 1 1

0 0 0

1 -1 1

2 -2 2

3 -3 3

4 -4 -4

4 3 210 1 2 3 4 5 4 3 210 1 2 3 4 5 4 3 210 1 2 3 4 5

Figure A.8: Reflexion about Figure A.9: Reflexion about Figure A.10: Reflexion about
the z-axis. the y-axis . the origin.

1.4.9

(& —a
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Answers and Hints

1.5.1 Upon solving the equations
—3a; + 2a2 = 0, a?+a2=13

we find (a1,a2) = (2,3) or (a1,a2) = (—2,—3).

1.5.2 Since @+ b = 0, we have

— —
@+ b|> = (@+b)(a+b)
— — —
= @a*a +2a°*b -+ beb
— Zea 40+ beb
—
112112 + 11 b7,

from where the desired result follows.

1.5.3 By the CBS Inequality,
(a2 -1+ b2. 1) < (a4 + b4)1/2(12 + 12)1/2’

whence the assertion follows.

1.5.4 We have VV € R*>, V o (& — _b)) = 0. In particular, choosing vV = a — b . we gather

(F-B)(T-b)=[T-Db|*=0.
But the norm of a vector is 0 if and only if the vector is the 0 vector. Therefore @ — b = 0.ie, @ = B
1.5.5 We have
ITH+VIP= T =V = (@W+V)»(@+V)- (W -V)(¥ -7V)
= WU 42UV F VeV —(Ued —20°V + VeV)
= AUV

giving the result.

1.5.6 A parametric equation for L, is
T 0 1
= +t .
<y> <bl> {ml}
T 0 1
= +t .
<y> <b2> {mz}

The lines are perpendicular if and only if, according to Corollary 22]

A parametric equation for Ls is

1 1
|: :|'|: }=O<:>1+m1m2=0<:m1m2=—1.

)=+
()= ()]

1 1
We need the angle between { } and { J to be % and so by Theorem [21]
m —

1.5.7 The line L has a parametric equation

Let L' have parametric equation

1—m= \/1+m2\/fcos% — m=-2++3.
-1
This gives two possible values for the slope of L’. Now, since L’ must pass through < 0 >

y=(—2+V3)zr+b = 2=(—2+V3)(-1)+b = b=%V3
and the lines are y = (—2 + vV3)z + V3 and y = (—2 — v/3)z — /3, respectively.
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1.5.8 We must prove that @ ew = 0. Using the distributive law for the dot product,

1.6.1 Wehavey —x =4t — t =

e
— vew — —_ .=
v — 2W o w = Vew —
—
Il
— =
— Vew —
— =
Vew —
0.
— T
Yy and so

3
y—x y—x

= _2
Clc(4) (4

is the Cartesian equation sought.

1.6.2 Observe that for t # {0, —1},

(E)2 2 3
%:tﬁw:@ =>cc=m§17_fy5

— .=

Vew
Wew

2

5]

N N

VeW |2
&l

12

¥

— . —

Vew

- w5+y5=w

2

Yy .

If t = 0, then « = 0,y = 0 and our Cartesian equation agrees. What happens as t — —1?

1.6.3

1. ay — cx = ad — bc, this is a straight line with positive slope.

2. —1 <z <1,y = 0, this is the line segment on the plane joining (—1, 0) to (1, 0).

2

r Yy
" a? b

mz_yz
" az b2

1.6.4 We may simply give the trivial parametrisation: = ¢, y = logcost, 0 <t < g Then

2

=1, > 0. This is one branch of a hyperbola.

= 1. This is a hyperbola.

(dz)? + (dy)? = (1 + tan®t)(dt)? = sec? t(dt)>.

Hence the arc length is

w/3
/ sectdt = log(2 + V/3).
0

2

1.6.5 Observe that y = 2x + 1, so the trace is part of this line. Since in the interval [0;4=x], —1 < sint < 1, we
want the portion of the line y = 2z + 1 with —1 < = < 1 (and, thus —1 < y < 3). The curve starts at the middle

point (0, 1) (at t = 0), reaches the high point (1,3) att = g reaches its low point (—1,1) att = 3?” reaches its

high point (1, 3) again at t = S?Tr it goes to its low point (—1,1) att = %r and finishes in the middle point (0, 1)
when t = 4~.

1.6.6 First observe that vz + /y = 1 demands z € [0;1] and [0; 1]. Again, one can give many parametrisations.
Oneis z = t%, y = (1 — t)?, t € [0;1]. This gives

To integrate

V(dz)? + (dy)? = (/482 + (2 — 2)2 dt = 2,/2¢% — 2t + 1 dt =

2

2 [a(-1) +ra

we now use the trigonometric substitution

2 (t_ %) =tan — dt = %sec20d0.

1

2
t_E) + 1 dt.
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The integral thus becomes
/4
V2 / sec® 0d0,
o
the famous secant cube integral, which is a standard example of integration by parts where you “solve” for the

integral. (You write [ secfdtan@ = tan6secd — [ tan6dsec¥, etc.) I will simply quote it, as I assume most of

you have seen it, and it appears in most Calculus texts:

w/4
V2 / sec® 6d0
0

/4

1 1
\/E(EseCOtana — Elog|se00+tan0|)
= ﬁ(%-ﬁ—i—%log(ﬁ-ﬁ-l))

1
= E1og(\/§+ 1) + 1.

1.6.7 First noticethatz =1 — t*4+1=1 — t=0andz =2 — t24+1 =2 — t = 1. The area

under the graph is
t=1 t=1 t=1
/ ydz = / 1 —-Hd@E® +1) = / 3t°(1 — t°)dt =
t t=0

=0 t=0

(o]

o N

1.6.8 Observe that
dz = 6tdt; dy = 6t°dt = /(dx)? + (dy)? = 6t./1 + t2 dt,

and so the arc length is
t=1 t=1
/ ,/(da:)2+(dy)2=/ 6t\/1 + t2 dt = 4V2 — 2.
t=0 t=0

1.6.9 Observe that
dz = tdt, dy=+2t+ 1dt — \/(dw)2 + (dy)2 = \/1152 + (V2t F 1)2dt = /t2 + 2t + 1dt = (¢ + 1)dt.

Hence, the arc length is
1/2 A%
/ (1—|—t)dt=(t+—> =1.
—1/2 2 —1/2

1.6.10 Observe that the parametrisation traverses the curve once clockwise if ¢ € [0; 27]. The area is given by

1 xr dx 1
= det = = ¢ xdy — ydx
2 Jr y dy 2
4 [°
= 5 (sin® t(— sint(1 4 sin® t) + 2sint cos® t)
w™/2
— cost(1 + sin? t)(3sin® t cos t))dt
0
= 2 (—3sin®t + sin® t)dt

/2
9 1
= 2/ (———I—cos2t+—cos4t)dt
w2\ 8 8
9
= 5
1.6.11 Using the quotient rule,
3(1 + t?) — 3t%(3t) 3 —6t® 9t? — 18t°
dx = (1+t3)2 'dt=(1+t3)2'dt=>yd£ﬂ=m'dt
and - + t3) — 3t3(3t?) ap = 6t — 3t* q du — 18t% — 9t® q
y = O . t_7(1+t3)2-t=>my—7(1+t3)3- t
Hence
wdy — udp — 187 —9t° 9% —18t° _ 9t? +9¢° _9t?(1+t7) 9t dat
YTYE T Ty e)ye a+reeE T areeE TT T aree T T atre)2

Observe that whent = 0thenz =y = 0. Ast — o0, then x — 0 and y — 0. Hence to obtain the loop Using
integration by substitution (u = 1 + t*> and du = 3t*dt) , the area is given by

L[t e 3 (7T s 8 [TTdu_3
2/, (1 4+ t3)2 2, 1+t 2/, u2 = 2’
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|]§> A shorter way of obtaining xdy — ydx would have been to argue that xdy — ydx = z%d (%) =
9t?

———dt.

(1 +13)2
1.6.12 See figure Let 6 be the angle (in radians) of rotation of the circle, and let C be the centre of the
circle. At & = 0 the centre of the circle is at (0, p), and P = (0, p — d). Suppose the circle is displaced towards
the right, making the point P to rotate an angle of 6 radians. Then the centre of the circle has displaced 6
units horizontally, and so is now located at (p8, p). The polar coordinates of the point P are (dsin8;d cos ), in

relation to the centre of the circle (notice that the circle moves clockwise). The point P has moved ¢ = p6 — d sin 0
horizontal units and y = p — d cos 0 units. This is the desired parametrisation.

1.6.14 We have
dz = e’(cost—sint)dt, dy = e’(sint+cost)dt = /(dz)? + (dy)2 = €' \/(cost — sint)2 4 (sint 4 cost)2dt = Vv/2e'dt.

The arc length is thus
/ v/ (dz)? + (dy)? = \/5/ etdt = v2(e™ — 1).
) )

1.6.15 Choose coordinates so that the origin is at the position of the gun, the y-axis is vertical, and the airplane
is on a point with coordinates (u, h) with « > 0.

If the gun were fired at ¢t = 0, then

gt?
x = Vitcosa; y = Visina — R

where a is the angle of elevation, t is the time and g is the acceleration due to gravity. Since we know that the
shell strikes the plane, we must have

2

u = Vtcosa; h = Vtsina — =

whence .
u® + (h + %gtz) = V7?3,

and thus
g2t4
4

The quadratic equation in t*> has a real root if

(gh —V?)? > g*(h? + uv?) = g*u® < V?(V? — 2gh),

+ (gh — V> + h? +u® =0.

from where the assertion follows.

1.6.16 Suppose the parabolas have a point of contact P = (4px3, 4pzo). By symmetry, the vertex V of the rolling
parabola is the reflexion of the origin about the line tangent to their point of contact. The slope of the tangent at P
1
is By from where the equation of the tangent is
0]
xr
Yy = — + 2pxo.
2:1:0

The line normal to this line and passing through the origin is hence
Yy = —2xxo,

and so the lines intersect at

4pzi  8pxj
1+4x2’ 1+ 422)°
from where

8px2 16pxz] )
=1\ - = t t)).
V= (-, L) o (e w)
As —2zox(t) = y(t), eliminating ¢ yields

¥ 2
(e

r = —

or
(z* +y*)z + 2py* =0,
giving the equation of the locus.
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1.7.1 Observe that, in general,

2

[Z-F| +|[z+7 [ZIP - 22% +|[B|] + |7 + 275 + 5|

2
9

z||3>||2+zH§‘

whence
2
|7 =] = VAR 2] - 7+ B = v20sr 2007 @0z =22
1 —2
172 |y | =| 2 | +t]|-1
z 3 0

1.7.3 The vectorial form of the equation of the line is

1 1
T =|0|+t]|-2
1 -1
1 1
Since the line follows the direction of {—2J , this means that {—2J is normal to the plane, and thus the equation
—1 —1

of the desired plane is
(x—1)—2(y—1)—(z—1) =0.

0
1.7.4 Observe that | 0 | (as 0 = 2(0) = 3(0)) is on the line, and hence on the plane. Thus the vector

0
o) [
—1—-0]| = |-1
—-1-0 -1
lies on the plane. Now, if x = 2y = 3z = ¢, then x = t,y = t/2, z = t/3. Hence, the vectorial form of the equation

of the line is
0 1 1
N

T = [0]+t|1/2] =t |1/2].
o s L
1

This means that {1 / 2J also lies on the plane, and thus
1/3

AR
—1| x |1/2] = |—4/3
) b))
is normal to the plane. The desired equation is thus
1 4

3
Cx—Zy4+22=o0.
6= " 3Yt 37

1.7.5 The set B can be decomposed into the following subsets:
O The set A itself, of volume abc.
® Two a X b X 1 bricks, two b X ¢ X 1 bricks, and two ¢ X a X 1 bricks,

® Four quarter-cylinders of length a and radius 1, four quarter-cylinders of length b and radius 1, and four
quarter-cylinders of length ¢ and radius 1,
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O Eight eighth-of-spheres of radius 1.

Thus the required formula for the volume is
Mw+2wb+ba+w)+ww+b+cy+%i

1.7.6 We have,

2 2
H?+E’+?‘ =(E’+E’+?)o(3’+§’+?)=||E>||2+HE’H +[|R*+2(FD + BT + T*R),
from where we deduce that ) ) )
T 4+ BT 4L TR = # — _o5.

a

1.7.7 A vector normal to the plane is FT . The line sought has the same direction as this vector, thus the
2

a
equation of the line is

0 a
= |o| +t|a®|, teRr.
z 1 a’

1.7.8 Putax = by = cz =t,soxz =t/a;y = t/b;z = t/c. The parametric equation of the line is

T 1/a
y| =t|1/b|, teR.
K 1/c
1/a
Thus the vector |1/b | is perpendicular to the plane. Therefore, the equation of the plane is
1/c
1/a r—1 0
1/b|*|y—1| = |0]|,
1/c z—1 0
or 1 1 1
T
R h
a b a b ¢

We may also write this as
bcx 4+ cay 4+ abz = ab + bc + ca.

1
1.7.9 The vector {—1J is perpendicular to the plane. Hence, the shortest distance from (1, 2, 3) is obtained by

1
the perpendicular line to the plane that pierces the plane, this perpendicular line to the plane has equation

x 1 1

=2 |4+t|—-1| = xz=1+t,y=2—-t,z=341t.
z 3 1

The intersection of the line and the plane occurs when
1+4t—(2-t)+B+t) =1 = t:—%.

2 78
The closest point on the plane to (1, 2, 3) is therefore (—

3’3 §)’ and the distance sought is

2., 70 8., V3
\/(1—5) +2-3)2+06B-3)=5
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1.7.10 If the lines intersected, there would be a value ¢’ for which
T G I W It IO e Y et I S B Y
1|+t (1|=|0 |+t |-1] = [1-0| =t |-1-1| = |1| =t |-2|,
/8 1 ARV S (R VO R S R 1Y
which is clearly impossible, and so the lines are skew. Let 6 be the angle between them. Then

_ 2.241-(—-1)+1-1 R S
V2 + )2+ 1)2/@2+ (-1)2+ (1) V6ve

cos 0

6 = arccos (E) .
3

1.7.11 Observe the CBS Inequality in R? given the vectors X = (z1,z2,23), ¥ = (y1,¥2,ys) let @ be the angle
between them. Then

-,

%7 = |[Z|[l[F||cos6 = lways +ways + woys| < \/ad + 23 +23\/uf +v3 + v

Now take z1 = a®,z2 = b’, 23 = ¢ and y1 = y2 = ys = 1. This gives (since squares are positive, we don’'t need
the absolute values)

|wrys + @2y + zsys| < \/2d + 2+ ad\/uR +ui+ud = (a® +b7 + 27 < (0 b+ ch)(3),

which proves the claim at once.

1.7.12 First observe that

S(a,b,c) = Ys(s—a)(s—b)(s—c)
= —\/(a+b+c)(b+c—a)(c—l—a—b)(a—l—b—c)

= g\/(az + b2 + c2)2 — 2(a* + b4 + c4)

Hence

1 2 1
S(a,b,c) _1\/1 9 @ + b +c

az+b2+c2 4 - (a2 + b2 + c2)2’
a* +b* + ¢*

and thus maximising f is equivalent to minimising 2-———-——-—. From problem[1.7.11
g g (az + b2 + C2)2
a* +b* +c* > 1
(a2 + b2 + C2)2 =3’
which in turn gives
_S(asbe) 1/ 2 1 _ V3
a?2+b2+4+c2 — 4 37 43 127
the desired maximum.
1
1.715 z+y + 2z = 1. e
1.7.16 Assume contrariwise that &, B) C are three unit vectors in R® such that the angle between any two of
them is > 2?7‘- Then @b < —%, beT < —%, and C*a < —%. Thus

2

[F+T+< 12| + §H2+|
423 eb +2beT +2TeA

< 14141-1-1-1

= 0,

— 12
<l

which is impossible, since a norm of vectors is always > 0.
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ot ?.? . . g — =g : .
1.7.17 Let proj, = dl ||)2 s be the projection of t over s # 0. Let xo be the point on the plane that is nearest
R — S_’ . .
to b. Then bxo = X0 — b is orthogonal to the plane, and the distance we seek is
B (7 = B)*W || _ (% — B
llprojy,’ ™ " || = — % = =
17| =i

Since Ry is on the plane, To*n = a*n, and so

proji= P = [T = bew| |3 — bew| [(@—Db)w
P I

as we wanted to shew.

1.7.18 There are 7 vertices (Vo = (0,0,0), V. = (11,0,0), V> = (0,9,0),Vz = (0,0,8), Vo = (0,3,8), V5 =
(9, 0, 2), Vs = (4, 7,0)) and 11 edges (V()Vl, V()Vz, VOV3, V1V5, V1V6, V2V4, V2V6, V3V4, V3V5, V4V,5, and V4V6).

z

Figure A.11: Problem|[1.7.18

1.8.2 We have ¥ x X = —X X X by letting ¥ = ¥ in ??. Thus 2%¥X x X =0 andhence ¥ x X = 0.

1.8.3 One has

(b-—a)x(€-3)=0 = axb+bxc+cxa=0
This gives
?x?:_zx?Jr?xs’):_(J +K+1i-3)=-1- XK.
1
1.8.4 The vector |1| X |1 is normal to the plane. The plane has thus equation
0
[ x [—1
y + 1 =0 == —zz+y+1=0 = z—y=1,
- J o)
as obtained before.
1.8.5 The vectors
a—(—a) 2a
0—-1 =|-1
a—0 a

and
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lie on the plane. A vector normal to the plane is
2] Je] |2
1| X | 0| = |—-3a%].
o) L) 7L

The equation of the plane is thus given by

—2a T —a
—3a?| y—0] =0,
a zZ—a
that is,
2aw+3azy—az=az.
¥V X W ¥V X W
1.8.6 Either of ———— or ————— will do. Now
IV x wi| [V x wi|
VXW = (—aj +ak)x(i+aj)

- - 2, e - - 2,77 e
= —a(j xi)—a"(j x j)+a(k x i)+a”(k x j)
—

e iy 273
= ak +aj —a’i

1 —a
V2aZ ¥ a*
a
or
2
1 —a
_\/2a2 + a4
a
1.8.7 From Theorem ?? we have
@ x(bx7T)= ()b — (2*b)7,
b x(Txa)=(bea)C - (bsT)7,
TXx(@Xxb)=(T*b)a —(T*a)b,
and adding yields the result.
1.8.8 By Lagrange’s Identity,
2
I x TP = %P7 - T =1- @)
- 2|2 - -
1% x K112 = [[R[|[T]| - & TP =1- T
2
=TI =[[ZIP[[F| - =Fr=1- %3
and since (X* 1 )2 + (X J )+ (X*K)? = ||?||2 = 1, the desired sum equals 3 — 1 = 2.
1.8.9
BX(XXxB)=bx(Xx7) < (B*b)X—(T*X)b =(b*a)Xx—(b*X)? = B*X=DbexX =0

X
The answer is thus {X : X € R& X b }.
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1.8.12 - -
< (2*b)a +6b +237 x T

12+2||E’||2

o (@) +6C+3a x b
y 112
18 + 3|| 2|

1.8.13 First observe that

Re (T XxT)=(RxT)e 7.
This is so because both sides give the volume of the parallelogram spanned by X, ¥, z. Now, putting X =
— = = — — e
a X b,y =7¢c and 'z = d we gather that

(@ xb)e(Txd) = (Bxb)x<)ed.
Now, again,

This gives

proving the identity.

1.8.14 By problem

Using this three times:

(B x ) e(@xd) = (b+@)e(Ted)—(bed)e(ced)
(Tx@)e (B xd) = (T+H)e(Fed)—(Ted)e(T*D)
(@ x b)e(cxd) = (@*c)e(bed)—(a*d)e(be)

Adding these three equalities, and using the fact that the dot product is commutative, we see that all the terms on
the dextral side cancel out and we obtain 0, as required.

1.8.15
1. We have
6 0 12
—> — — — — — — — — — —
CA=1|0], B=| 4 = CAXCB=(6i —3k)x4j —3k)=24k +18j +12i = |18
-3 -3 24
2. We have

H(T& X @H = /122 1 182 4 242 = v/1044 = 6/29.

3. The desired line has equation

T 0 6
=10 |+t = xz=6t, y=0, z=3-—3t.
z 3 -3
4. The desired line has equation
T 3 0
Yy =0 ]|]+s]|] o0 = =3, y=0, z=-3s
z 0 -3
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5. From the preceding items, the line Lca is ¢ = 6t, y = 0, z = 3 — 3t and the line Lpg isx = 3, y =
1 1
0, z = —3s. If the line intersect then 6t = 3, 0 = 0, 3 — 3t = —3s gives t = 2 and s = -3 The point of

3
intersection is thus (3, 0, 5) item The area is

%H(ﬁ X (ﬁs’H = %-6@:3@.
6. Observe that
3 x
P = 0 , Q= Y , R= 3 , S =
z 0 0 z
Since all this points lie on the plane 2z + 3y 4+ 4z = 12, we find

2(3) +3(0)+42 =12 = P =

NIWO W

2:17+3(3)—|—4(0):12 — R =

2(3) + 3y +4(0) =12 — Q = <

© WN|W O N W

2(0) +3(3) +4z2 =12 = S =

BlWWw O

7. A possible way is to decompose the pentagon into three triangles, say ACPQ, ACQR and ACRS and find
their areas. Another way would be to subtract from the area of AABC the areas of AAPQ and ARSB. 1
will follow the second approach. Let [AAPQ], [A RS B] denote the areas of A APQ and A RS B respectively.
Then

w
=]
|
w

1||== =4 1
[AAPQ] = EHPAX PQH = =

5 V29,

| — |

N W o
X

o ™

I
=
o N ©
I
=
©

+
o)
N
+

w

>

I
NI

-3 1 B i -3
2 0 g]
lllag . =3 1 1 1 9 81 9 3
ARSB] = =||SR x S == 1 =2 = 4/ =+ =4+ % = 24/29.
[ARSB] ZH % H 2 03 x 3 2 §| 2 16+64+4 16
L 4l L 4 L3

Hence the area of the pentagon is
3v29 — Zv2 — %\/2 = 33 29.

1.9.2 The assertion is trivial for n = 1. Assume its truth for n — 1, that is, assume A"~ * = 3" "2 A. Observe that

11 1|1 11 3 3 3
A’=1]1 1 1| |1 1 1]=1|3 3 3| =34
11 1|1 1 1 3 3 3

Now
A" = AA" ' = A(3"72A) =3""?A* =3""?34 =3"""A4A,

and so the assertion is proved by induction.
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1.9.3 First, we will prove that

2
0
A*=1|0
0 0

= N W

0

4 n—1 n
3 n—2 n—1
2 n—3 n—2
0o ... 0 1

Observe that A = [a;;], where a;; = 1 for i < j and a;; = 0 for ¢ > j.

Put A® = [b;;]. Assume first that ¢ < j. Then

Assume now that ¢ > j. Then

k=1 k=1
proving the first statement. Now, we will prove that
_1 3 8 10 (n—1)n nn+1) ]
2 2
0 1 3 6 (n — 2)2(n —-1) (n —21)n
3 p— p— p— p—
=0 o 1 3 (n=3)n—-2 (n-2(r-1)
2 2
0 0O 0 O 0 1

For the second part, you need to know how to sum arithmetic progressions. In our case, we need to know how to

Sl = Zj:a, Sz = z]:k?
k=1 k=i

The first sum is trivial: there are j — 7 + 1 integers in the interval [¢; j], and hence

sum (assume i < j),

Sl Zia=S1
k=1

aZl:a(j—i-i—l).

k=1

For the second sum, we use Gauf trick: summing the sum forwards is the same as summing the sum backwards,

and so, adding the first two rows below,

S» = i + i+l o+ it2 + + -1 +
S: = j + -1 + j-2 + + i1+
28, = (i +4) + (+4) + G+4) + + (+4) + (G+4)
25: = (i+4)G—i+1)

(4G —it+1)

which gives Sz = >

Put now A® = [c;;]. Assume first that i < j. Since A® = A%A,

Cij

n
E bikar;
k=1

J

SE-y

S (k—i+1)

G+9D@—-i+1)

G—i+1)G—

—i(G—i4+1)+ (G —i+1)
+2).

2
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Assume now that ¢ > j. Then

This finishes the proof.

1.9.4 For the first part, observe that

1 0 a ] {1 0 b ]
a? b?
m(a)m®) = |-a 1 -S| 1 -5
0 0 1 0 0 1
1 0 a+b ]
_ a? b2
0 0 1
1 0 a+b
2
0 0 1
= m(a+Db)

For the second part, observe that using the preceding part of the problem,

{1 0 o ]
m(a)ym(—a) =m(a—a) =m(0) = [—0 1 _% = I,
0 0 1

giving the result.

1.12.1 Consider a right triangle A ABC rectangle at A with legs of length CA = h and AB = r, as in figure[A.12]

The cone is generated when the triangle rotates about C'A. The gyrating curve is the hypotenuse, whose centroid

is its centre. The length of the generating curve is thus /72 4+ h? and the length of curve described by the centre
s T\ _ . 2 2

of gravity is 2w (2) = wr. The lateral area is thus wry/r2 4 h2.

Figure A.12: Generating a cone.

Free to photocopy and distribute




Appendix A

To find the volume, we gyrate the whole right triangle, whose area is ﬂ We need to find the centroid of the

triangle. But from example [I7, we know that the centroid G of the triangle is is two thirds of the way from A to
the midpoint of BC. If G’ is the perpendicular projection of G onto [C A], then this means that G’ is at a vertical

’
height of g g }3: By similar triangles GG = h/3 = GG' = g Hence, the length of the curve described
r
by the centre of gravity of the triangle is ;ﬂ"r. The volume of the cone is thus gﬂ"l‘ % % r2h.

1.14.1 Find a vector @ mutually perpendicular to V1 V2 and V1V3 and another vector and a vector Y mutually

. o~ o~ 1 . — g
perpendicular to V1 V3 and V1V4. Then shew that cos 8 = 3’ where 0 is the angle between a” and b.

x
1.15.1 Let | y | be a point on S. If this point were on the xz plane, it would be on the ellipse, and its distance
z

T
to the axis of rotation would be |z| = %\/ 1 — z2. Anywhere else, the distance from | y | to the z-axis is the

z
0
distance of this point to the point | 0 | : /=2 4 y2. This distance is the same as the length of the segment on
z

the xz-plane going from the z-axis. We thus have

\/372+y2=%\/1—z2,

or
4x> + 4y2 + 2% =1.

xr

1.15.2 Let | y | be a point on S. If this point were on the zy plane, it would be on the line, and its distance to

z
xr
the axis of rotation would be |z| = %|1 — 4y|. Anywhere else, the distance of [ y | to the axis of rotation is the
z
x 0
same as the distance of | y | to | y |, thatis \/x2 + 22. We must have
z 0

1
a2 4 22 = §|1 — 4y|,

which is to say
92% + 92> —16y> +8y —1=0.

1.15.3 A spiral staircase.
1.15.4 A spiral staircase.

1.15.6 The planes A : * + z = 0 and B : y = 0 are secant. The surface has equation of the form f(A, B) =
eATTBY _ A= 0, and it is thus a cylinder. The directrix has direction T oK.

1.15.7 Rearranging,
@+ 92+ 27— L@ +y+2)* — @ +y* +27) —1=0,

and sowemay take A:x +y+2=0,%: z2 + y2 +22 =0, shewing that the surface is of revolution. Its axis is
— — —
the line in the direction i + j + k.
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1.15.8 Considering the planes A : x —y = 0, B : y — z = 0, the equation takes the form
1

1 1
A,B)=—-+4+ = — —1=0
FAB) =3+ 5~ 555 :
thus the equation represents a cylinder. To find its directrix, we find the intersection of the planes z = y and
T 1
— — —
y = z. This gives {yJ =t {1J . The direction vector is thus i + j + k.
z 1

1.15.9 Rearranging,

(+y+2)?—- @+’ +2)+2@+y+2)+2=0,
sowemaytake A:z+y+2=0,X: z2 + y2 + 22 =0asour plane and sphere. The axis of revolution is then in
the direction of T + T + f

1.15.10 After rearranging, we obtain
(z—l)z—wyzo,
or
z—1z-1

+1=0.

Considering the planes
A:x =0, B:y=0, C:z=1,

we see that our surface is a cone, with apex at (0,0, 1).

1.15.11 The largest circle has radius b. Parallel cross sections of the ellipsoid are similar ellipses, hence we may
increase the size of these by moving towards the centre of the ellipse. Every plane through the origin which makes a

circular cross section must intersect the yz-plane, and the diameter of any such cross section must be a diameter
2

2
of the ellipse = 0, 2—2 + Z—z = 1. Therefore, the radius of the circle is at most b. Arguing similarly on the xzy-plane

shews that the radius of the circle is at least b. To shew that circular cross section of radius b actually exist, one
may verify that the two planes given by a?(b> — ¢*)2? = ¢?(a® — b®)z? give circular cross sections of radius b.

1.15.12 Any hyperboloid oriented like the one on the figure has an equation of the form

When z = 0 we must have

Thus )
2 2
C—2=4a: +y° -1
Hence, letting z = £2,
4 2 2 1 2 y2 1 1 3
— =4 -1 = — = z ——=1— - = —
= =ty z=¥ T VY

2
since at z = +2, =% + yZ = 1. The equation is thus

322
%:43:24—3;2—1.

1.16.1 The arc length element is

V(de)? + (dy)? + (d=)? = \/4t2 + 36t + 81 dt = (2t + 9) dt.

We need t = 1 to t = 4. The desired length is

/4(2t+9) dt = (? —|—9t)‘4 = (16 4 36) — (1 +9) = 42.
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1.16.2 Observe that z = 14+ x>+ y2 is a paraboloid opening up, with vertex (lowest point) at (0, 0, 1). On the other
hand, z = 3 — 2> — y? is another paraboloid opening down, with highest point at (0, 0, 3). Adding the equations
we obtain

22=z242=0+2+9)+B-2’-9y’)=4 = 22=4 = 2 =2,

so they intersect at the plane z = 2. Subtracting the equations,
A+2°+)—-B-2>—y)=2—2=0 = 222+ 2y° - 2=0 = 2 +¢y° =1,

so they intersect at the circle ° 4+ y> = 1, z = 2. Since they meet at the circle 2> + y*> = 1, we may parametrise
this circle as ¢ = cost,y = sint, t € [0;27], z = 2.
1.16.3 Let T’(t) lie on the plane ax + by + ¢z = d. Then we must have

t4 t3 2

ettty teare

=d = (at* +bt®> +ct’) =d(1+t?) = at* +bt®> + (c—d)t* —d =0,

which means that if T (t) is on the plane ax + by + cz = d, then t must satisfy the quartic polynomial p(t) =
at* + bt® + (c — d)t*> — d = 0. Hence, the t;, are coplanar if and only if they are roots of p(t). Since the coefficient
of t in this polynomial is 0, then the sum of the roots of p(t) taken three at a time is 0, that is,

titats + titats + titats + t2tsts 1 1

1 1
titat titat titst tatsts = 0 =0 — — — — =0
1t2ts + titata + t1tsts + tatsta — ttatata — t1+t2+t3+t4 ,

as required.

1.16.4 Observe that in this problem you are only parametrising the ellipsoid! The tricky part is to figure out
the bounds in your parameters so that only the part above the plane * + y + z = 0 is described. A common
parametrisation found was:

x =cosfsing, y = 3sinfsing, 2z = coso.

The projection of the plane = + y + z = 0 onto the zy-plane is the line y = —z. To be “above” this line, the angle
3 1
6, measured from the positive x-axis needs to be in the interval —% <0< Tﬂ- Since |1 is normal to the plane

1

z 4+ y 4+ z = 0, the plane makes an angle of % with the z-axis. Recall that ¢ is measured from ¢ = 0 (positive

z-axis) to ¢ = 7 (negative z-axis). Hence to be above the plane we need 0 < ¢ < Z%r

1.16.6
—2a
1. [a®*—1
o
2. :vz—l—yz:cz—}—l
1 2 47
3.7 (¢ +1)de = —
o 3
1.17.1
1. Put f : R = R, f(z) = e* ' — z. Clearly f(1) = e — 1 = 0. Now,

.f,(w) = ew—l - 17

f”(ﬂ?) — em—l.
If f'(x) = 0 then e*~' = 1 implying that = 1. Thus f has a single minimum point at = 1. Thus for all
real numbers
0=f) < fl&) = e** —a,

which gives the desired result.
2. Easy Algebra!
3. Easy Algebra!
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4. By the preceding results, we have
A < exp(A1 — 1),
Az < exp(Az2 — 1),

A, < exp(An —1).
Since all the quantities involved are non-negative, we may multiply all these inequalities together, to obtain,
A1Az---An < exp(A1+ A2+ -4+ An — n).
In view of the observations above, the preceding inequality is equivalent to
(a1 + azn—i—c-:-n- + an)" =

exp(n —n) =e® = 1.

We deduce that

G < (a1+az+---+an)"’

n
which is equivalent to

(alaz.._an)l/nga1+a2+--.+an.
n
Now, for equality to occur, we need each of the inequalities A, < exp(Ar — 1) to hold. This occurs, in view of
the preceding lemma, if and only if Ax = 1, Vk, which translates into a1 = a2 = ... = a,. This completes

the proof.
1.17.2 By CBS,

(w1+w2+”'+wn)(a:il+i+"'+i) > <Zn:\/:v_z 1 >2

T2 Tn — Vi
— nt
1.17.3 By CBS,
(a+b+c+d)?<(A+14+1+1)(a®+b*+c*+d*) = 4(a® +b*+*+4d?).

Hence, 6
(S—e)2§4(16—ez) < e(5e—16) <0 <— ogeg%.

The maximum value e = ? is reached whena =b=c=d = E

1.17.4 Observe that 96 - 216 = 144” and by CBS,

As there is equality,
(a1,a2,...,an) =t(al,a3,...,ad)

3
for some real number t. Hence a; = a2 = ... = an = a, from where na = 96, na’ = 144 gives a = g ¥yn= 32.

1.17.5 Applying the AM-GM inequality, for 1, 2,...,n:

iym 142+ ---4n _nAtl

n*/"=(1-2---n) - =—

with strict inequality for n > 1.

1.17.6 If z € [—a;a], thena + ¢ > 0 and ¢ — > 0, and thus we may use AM-GM withn =8, a1 =az =--- =
a+t+x a—x
. We deduce that

5 and ag = a7 = ag =
_ 8
a—l—w) 3(a :v)

(sroy (a5oy < (LU0 Ly,

5%33q%
48 7

as —

from where

f(z) <

with equality if and only if a :l: r_ga ; z
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1.17.7 Applying AM-GM to the set of n + 1 numbers

has arithmetic mean

and geometric mean

Therefore,

that is

which means

giving the assertion.

1 1 1
L,1+—14—,..., 1+ —,
n n n
1
1
+n—|—1

n/(n+1)
(1+)
n

> ()7
()™ > (42

mn—i—l > Ln,

2.1.2 Since polynomials are continuous functions and the image of a connected set is connected for a continuous
function, the image must be an interval of some sort. If the image were a finite interval, then f(z,kx) would be
bounded for every constant k, and so the image would just be the point f(0, 0). The possibilities are thus

1. a single point (take for example, p(z,y) = 0),

. a semi-infinite interval with an endpoint (take for example p(z,y) = > whose image is [0; +00[),

2
3. a semi-infinite interval with no endpoint (take for example p(x,y) = (zy — 1) + 2 whose image is ]0; +-00]),
4

. all real numbers (take for example p(z,y) = z).

2 2 2\3 2 2 2y2
(@ +y*+2°)° _ @+

2340
2.3.5 2
2.3.6 c=0.
2370
2.3.10 By AM-GM,
x2y222
22 +y2 + 22 —

as (z,y,2) — (0,0,0).

2.4.1 We have

F(X + 1) - F(X)

27(x2 + y2 + 22) 27

where the € are the standard basis for R™. Then

L(B) =Y mL(Ew),
k=1
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and hence by the triangle inequality, and by the Cauchy-Bunyakovsky-Schwarz inequality,

IL(W) < S IrellIL(E o)l

=1

n 1/2 n 1/2
<§]mf> <ZNM?0W>
k=1

k=1

B HHWfNu?wwwa
k=1

IN

whence, again by the Cauchy-Bunyakovsky-Schwarz Inequality,
— — — — — —
10 x ()| < (W) < B PHLEDIDY2 = o (11T]])
as it was to be shewn.

2.4.2 Assume that X # 0. We use the fact that 1+t =1+ % + o (t) ast — 0. We have

F(X + 1) = () 1% + B - ||%]]
= VE+I)FE+E) - |7

— — |2 N
= VIRIP 42w 4[5 ] - =)

2% 8 + || ¥

JIEIP +2% 4 ||| + =)

— —
As h — 0

’

JIRIE +22e® 4 |8 ][+ - 21[=])

— |2 — — —
SinceHh ZO(HhH) as h — 0, we have

2
2% + HK

—
L]

= e (%))
]

RN+ 235 1 |[5][ + =)

proving the first assertion.
To prove the second assertion, assume that there is a linear transformation %, (f) = L, L : R — R such that

15(T +B) = £(0) — LWl = o (||F])).

as H?H — 0. Recall that by theorem ??, L(B’) = 0, and so by example [169] @o(L)(B)) = L(B’) = 0. This

implies that L(_I)l) — .@O(L)(ﬁ)) =0, as

‘E’H — 0. Since £(T) = ||0]| = 0, £(B) = HE’H this would imply

%]
that
— — —
[ ]| =z = (|[%])).
or
L(n
1-— (_)) =o0(1).
[%]

But the sinistral side — 1 as E) — 6’ and the dextr_gl side — 0 as E) — ﬁ) This is a contradiction, and so, such
linear transformation L does not exist at the point O .
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2.5.2 Observe that

x ifzx <y
x =

f(=z,y) {y2 o>y
Hence

o 1 ife>y?

= f(x —

8£l:f( »Y) { 0 ifa:>y2
and

o 0 ifz > y?

— f(z,y) =

8yf( v) { 2y ifx >y

2.5.3 Observe that

2

_ 3 , _ Y 2$y ’ _ 1 -1 2
g(1,0,1) = |:O} ) fi(zy) = Lmy a:2:| ’ g (zy) = {y T 0} ’

and hence

2

1 -1
"(1,0,1) =
g'(1,0,1) o 1 o

}, F(9(1,0,1)) = £'(3,0) = {g g}

This gives, via the Chain-Rule,
0o 01 -1 2 0 0 O
0g)'(1,0,1) = f'(9(1,0,1))g’(1,0,1) = = .
(fog9)'(1,0,1) = f(9(1,0,1))g’(1,0,1) {o 9}{0 L 0} {090}
The composition g o f is undefined. For, the output of f is R?, but the input of g is in R®.

0
2.5.4 Since f(0,1) = aE the Chain Rule gives

1 -1 0 -1
(go £)'(0,1) = (¢'(£(0,1)))(£/(0,1)) = (¢'(0,1))(f'(0,1)) = [0 © E ﬂ =10 0
1 1 2 1
2.5.5 We have o
a_i(mayaz) = 2wyg(w2y),
and 5
a—ch(w,y,Z) = z’g(z’y).
b

2.5.6 Differentiating both sides with respect to the parameter a, the integral is % arctan s + 2a%(aZ 1 )

2.5.10 We have
R S ) oz 0z Ly _
%(m—l-z) +%(y+z) = Bws = 2(1+ aw)(a:-i—z)—i—2aw(y—i—z) =0.
At (1,1, 1) the last equation becomes

9 p) b 1
4(1+a_:;)+4£:0 = £ =__.

<] <]

2.6.1 Vf(z,y,2z) = {wzesz = (Vf)(2,1,1) = {ZeJ.

zye¥* 2e
0 0
2.6.2 (V x f)(z,y,2) = x = (Vx )21,1)=|2
yemy 82
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1
2.6.4 The vector |—7| is perpendicular to the plane. Put f(xz,y,z) = z? 4+ y® — boy + zz — yz + 3. Then
o]
2x — 5y + =z 1
(VH(xz,y,2z) = {Zy — bx — zJ . Observe that V f(x, y, z) is parallel to the vector {— 7J , and hence there exists a
T —y 0

constant a such that
2x — 5y + z-l [ 1 -|
2y —5xr —z| =a |-7| = xx=a, y=a, =z =4a.
AP
Since the point is on the plane
r—Ty=—-6 — a—Ta=—-—6 — a=1.
Thusz =y =1and z = 4.
2.6.7 Observe that
f(0,0) =1, fw(xay) = (COS 2y)emC052y g fw(Oa 0) =1,
fy(x,y) = —2x sin 2ye” °>°*¥ — £,(0,0) = 0.
Hence
f(z,y) = £(0,0) + f2(0,0)(z — 0) + f4(0,0)(y — 0) = f(z,y) =1+ .
This gives (0.1, —0.2) = 1+ 0.1 = 1.1.

2.6.8 This is essentially the product rule: duv = udv 4+ vdu, where V acts the differential operator and X is the
—
product. Recall that when we defined the volume of a parallelepiped spanned by the vectors @, b, ©, we saw

that _ _
ae(bx<T)=(aA xb)eT.
Treating V = V4 + V— as a vector, first keeping ¥ constant and then keeping U constant we then see that
Vee(UxV)=(VxT)eV, Voe(WxV)=-Ve(Vxu)=—(Vx7V)eT.
Thus
Ve(uxv)= (Vg +Vy)e(Uxv)=Vye (T XxV)+Voe (T xV)=(Vxu)ev —(V xV)eT.

2.6.11 An angle of % with the z-axis and % with the y-axis.

2.8.7 We have

(VF)(@,y) = {45” ~ e - y)} - {0

= 4z’ =4z —y) = -4y = xz=—y.
4y +4(x —y) 0}

Hence
42° —4(x —y) =0 = 42> -8 =0 = 4z(2’ -2) =0 = = € {—V2,0,V2}.
Since = —y, the critical points are thus (—v'2, v'2), (0, 0), (v/2, —v/2). The Hessian is now,

1222 — 4 4

H.f(may): |: 4 12y2_4 )

and its principal minors are A; = 122> — 4 and A, = (122> — 4)(12y> — 4) — 16.

If (z,y) = (—V2,V2) or (z,y) = (V2,—V2), then A; = 20 > 0 and Az = 384 > 0, so the matrix is positive
definite and we have a local minimum at each of these points.

If (z,y) = (0,0) then A; = —4 < 0 and A2 = 0, so the matrix is negative semidefinite and further testing is
needed. What happens in a neighbourhood of (0, 0)? We have

f(z,x) = 2z* > 0, f(x, —x) = 22* — 42 = 22°(«®> — 1).

If z is close enough to 0, = 2z%(2> — 1) < 0, which means that the function both increases and decreases to 0 in
a neighbourhood of (0, 0), meaning that there is a saddle point there.
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2.8.8 We have

Vf(z,y,z) = = x=1/2; y=-1; z=1/2.

|
N
8
+
Juy
Il
oS © O

The hessian is ~

82 -8 —2 Sa:-l

H = -2 0 0 |-
8x 0 -2

The principal minors are 8z — 8; —4, and 8. At z = 1/2, the matrix is negative definite and the critical point is
thus a saddle point.

2.8.9 We have
[2:3 + yz
(VH)(zy,2) = ry + :ch ;
2z +xy
and

{2

z
Iof =1z 2 x|.
M

<

2
We see that Ai(x,y, 2) = 2, Az(x,y,2) = det |: j =4— 2% and Asz(z,y,z) =det 4 f = 8 — 2% — 29 —

z
222 4+ 2zxyz.
0
If (Vf)(x,y,z) = |0]| then we must have
0
2r = —yz,
2y = —xz,
2z = —xvy,
and upon multiplication of the three equations,
8xyz = —x2y222,

that is,
zyz(xzyz + 8) = 0.

Clearly, if zyz = 0, then we must have at least one of the variables equalling 0, in which case, by virtue of the

original three equations, all equal 0. Thus (0, 0, 0) is a critical point. If zyz = —8, then none of the variables is

0, and solving for «, say, we must have x = — —, and substituting this into 2z 4+ yz = 0 we gather (yz)? = 16,
yz

meaning that either yz = 4, in which case * = —2, or zy = —4, in which case x = 2. It is easy to see then

that either exactly one of the variables is negative, or all three are negative. The other critical points are therefore
(_27 2, 2)’ (27 -2, 2)’ (27 2, _2)’ and (_27 -2, _2)'

At (0,0,0), A4(0,0,0) = 2 > 0,A2(0,0,0) =4 > 0,A:(0,0,0) = 8 > 0, and thus (0, 0,0) is a minimum
point. If ® = y® = 2® = 4,zyz = —8, then Az (z,y,z) =0, As = —32, so these points are saddle points.

2.8.10 We have

2zy + 2
(VH)(z,y,2) = {x2+2sz ,

2

y -1

and

2y 2z O

Jaf = |22 2z 2y]|.
0 2y 0

Free to photocopy and distribute @



Answers and Hints

2 2
We see that A1 (z,y, z) = 2y, Az(z,y, 2) = det Ly 23:} = 4yz — 42° and As(z,y, 2) = det 4 f = —8y°.
xr z
0
If (Vf)(z,y,2) = |0| then we must have
0
Yy = _17
z? = —2yz,
y = +1,
1 1 " . 1 1
and hence (1, —1, 5), and (—1,1, —5) are the critical points. Now, A;(1, —1, 5) = -2, Az(1, -1, 5) = —6, and
1 1 1 1
As(1, -1, 5) = 8. Thus (1, —1, 5) is a saddle point. Similarly, A:(—1,1, —5) = 2, Az(-1,1, —5) = —6, and

Az(—1,1, —%) = —8, shewing that (1, —1, %) is also a saddle point.

2.8.11 We find

dyz — 4z®
Vi(z,y,z) = |4zz — 4y°
4y — 428

Assume V f(z,y, z) = 0. Then

dyz = 42®, 4wz = 4y°, oy = 42° = zyz = z* = y4 = 2%
Thus xyz > 0, and if one of the variables is 0 so are the other two. Thus (0, 0, 0) is the only critical point with at
least one of the variables 0. Assume now that xyz # 0. Then

4

1
(wyz)3=w4y4z4=(wyz)4 = 2yz=1—= yz==- — " =1 — x = *1.
T

Similarly, y = £1, 2z = £1. Since xyz = 1, exactly two of the variables can be negative. Thus we find the following
critical points:
(0, 0, O)a (1’ 1, 1)’ (_1a -1, 1)’ (_1’ 1, _1)’ (1, -1, _1)'

The Hessian is

—12232 4z 4y
o f = 4z —12y° 4z
4y 4z —1222
Ifl=xyz=2x>=1y?>=2% wehave A; = —122% = —12 < 0, A, = 144z%y* — 162% = 144 — 16 = 128 > 0, and
As = —1728z%y%2% + 192z* + 1922* + 128zyx + 192y*
= —1728 4+ 192 + 192 + 128 + 192

= —1024
< 0.
This means that for zyz 7# 0 the Hessian is negative definite and the function has a local maximum at each of

the four points (1,1,1), (-1,-1,1), (—-1,1,—1), (1, —1, —1). Observe that at these critical points f = 1. Now
£(0,0,0) =0 and f(—1,1,1) = —7.

2.8.12 Rewrite: f(x,y,2) =2xyz(4d —x —y — z) = 4dzyz — z?yz — zy®z — zyz>. Then,

dyz — 2xyz — yzz — yz2
(VH(z,y,2) = |dez — 22z — 2zyz — x2° |,
dry — wzy — wyz — 2zyz

—2yz z4—2x —2y —2) yd-—2xr—y—22)
Hf(x,y,2) = |2(4 - 2z — 2y — 2) —2xz (4 —x — 2y — 22)
y4—2z —y —22) x(4—x— 2y — 22) —2zy

Equating the gradient to zero, we obtain,

yz4—2x —y—2)=0, zz4—x—2y—2)=0, zyd—xz—y—2z)=0.
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If zyz # 0 then we must have
4—-2r—y—2=0, 4—zz—-2y—2=0, 4d—zxz—y—22=0 — z=y=z=1.
In this case
{—2 -1 -1
H.f(l, 1, 1) =|-1 -2 -1
-1 -1 -2

and the principal minors are A; = —2 < 0, A2 =3 > 0, and Az = —4 < 0, so the matrix is negative definite and
we have a local maximum at (1, 1, 1).

If either of x, y, or z is 0, we will get Az = 0, so further testing is needed. Now,
flz,z,x) = 24 — 3z), f(z, —z,z) = 2®>(—4 + ).

Thus as  — 04 then f(z,z,x) > 0 and f(x, —x,x) < 0, which means that in some neighbourhood of (0, 0, 0)
the function is both decreasing towards 0 and increasing towards 0, which means that (0, 0, 0) is a saddle point.

2.8.13 To facilitate differentiation observe that g(z,y, z) = (we_wz)(ye_yz)(ze_zz). Now

(1= 2*)(y=) (e ) (e )(e™)
Vo(e,2) = | (1 - 2")(@2)(e ") (e ) (e ™)
(1 - 22)(@y)(e ") (e ¥ ) (e ™)

The function is 0 if any of the variables is 0. Since the function clearly assumes positive and negative values, we
1

can discard any point with a 0. If V(z,y,2) = 0, then z = :I:E; y = :I:% z = :I:%. We find
(4z® — 6x)(y=2) (1—-22%)(1—-2y%)z (1 -2z —22%)y
Mg = t(z,y,2) [(1 — 2y%)(1 — 22%)z (4y® — 6y)(z2) 1 -2y — 22z,
{(1 — 2221 —22%)y (1 -222)1 - 29z (42% — 62)(zy) J

with t(z,y, z) = (e_mz)(e_yz)(e_zz). Since at the critical points we have 1 — 22*> = 1 — 2y®> = 1 — 22® = 0, the
Hessian reduces to

(42® — 62)(y=2) 0 0
Hog = (e7*'?) 0 (4y” — 6y)(z=2) 0
0 0 (4z% — 62)(xy)
We have
Ay = (42® — 6x)(yz)
As = (42° — 6x) (4y® — 6y)(zyz?)
Az = (42° — 62)(4y® — 6y)(42° — 62)(zy>2?).
Also,

4<i>3—6<i>——2\/§<0 4<—i>3—6(—i>—2\/§>0
V2 V2 ’ V2 V2 ’

This means that if an even number of the variables is negative (0 or 2), then we the Hessian is negative definite,
and if an odd numbers of the variables is positive (1 or 3), the Hessian is positive definite. We conclude that we
have local maxima at

1 1 1 1 1 1 1 1 1 1

1 1
(_2’_23_2)’( _23 _23_2)’( _23_2, _2)’(_2’ E, E)
and local minima at
Ll o1 1,111, 11,11 1
v2i V2 V2 2 V2 V2 V2 V2 V2T V2 V2 V2
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2.8.14 By the Fundamental Theorem of Calculus, there exists a continuously differentiable function G such that

=%ty
@) = / g(t)dt = G(* +9) — G(y* — ).
Hence o
o (0,y) = 206 (@ + ) + C'(W* — @) = 209(2* +v) + 9" — @);
g—?};(w,y) =G'(2®+y) —2yG' (y* —z) = g(=® + y) — 2yg(y* — x).
This gives
of _ _of _
%(050) - g(O) - a_y(o’o) - 0,

so (0, 0) is a critical point. Now, the Hessian of f is

ey = |29@ TV + 4270 @7 ) —g' (0" — ) 229 (z* +y) + 2yg'(v* — z)
2¢g’(2* — y) + 2yg' (y* — x) g (@ + 1) — 20(4° — 7) — 4y°g’ (¥% — @)
and so
7#3(0,0) = {_g © 0 } .
0 g0

Regardless of the sign of g’ (0), the determinant of of this last matrix is —(g’(0))? < 0, and so (0, 0) is a saddle
point.

144 — 1622
2.8.15 Since the coordinates (z, 7m), —3 < z < 3 describe an ellipse centred at the origin and semi-

axes 3 and 4, and the coordinates (y, /4 — y2), —2 < y < 2 describe a circle centred at the origin with radius 2,
the problem reduces to finding the minimum between the boundaries of the circle and the ellipse. Geometrically
this is easily seen to be 1.

2.9.1 We have

be 2b + 2¢

V(abc) = AV (2ab + 2bc 4+ 2ca — S) = |ca| =X |2a+ 2¢c
ab 2b + 2a

be = 2X(b+c¢)

= ca = 2X(a+c)

ab = 2X(b+a)

By physical considerations, abc # 0 and so A # 0. Hence, by successively dividing the equations,

b _ b+c . E_a—}—c N E_b—}—a .
e cta — a =0>b, b bra — b=uc, c  bre — a =c.
Therefore
2a® +2a*+2a*° =S — az\/—f,
and the maximum volume is
3
abc = (\/E) .
(vV6)?
The above result can be simply obtained by using the AM-GM inequality:
3/2
S _ 2ab+2bct 2¢a o (90h)(2bc)(2¢a))/? = 2(abe)*/® —> abe < S _.
3 3 63/2
Equality happens if
2ab = 2bc = 2ca — a:b:c:ﬁ.
V6

2.9.2
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a

1. The vector {bJ is perpendicular to IT. Hence, the equation of the perpendicular passing through P is

|

= 1 —}—t{bJ — x=1+ta, y=1+4+1tb, z=1+4tc.

C

z (&

The intersection of the line and the plane happens when

d—a—b-—c
a(l+at) +b(1+1b) +e(l+te) =d = t =" 755

Hence d b
—a—b-—c¢
l+a- a? + b2 4 c2
d—a—b—c
a? + b2 4 c2
d—a—b-—-c
a? + b2 + c2

P = 1+b-
1+c-

The distance is then
d—a—b—rc\2 d—a—b—c\2 d—a—b—c\2
\/(a' a2+b2+c2) +(b' a2+b2+c2) +(C' a2+b2+c2)

. Let f(x,y,z) = (x — 1)®> 4+ (y — 1)® + (2 — 1)? be the square of the distance from P to a point on the plane
and let g(z,y, z) = ax + by 4+ cz — d. Using Lagrange multipliers,

2(x — 1) a
Vi@, 2) = AVg(2,y,2) = |20 —1)| =A |b| = 2(—1) =Aa, 2(y—1) = Ab, 2(2—1) = Ac.
2(z—1) c

Since (1, 1, 1) is not on the plane and abc # 0, we gather that A # 0. Now,
Aa Ab
Putting these into the equation of the plane,

a(1+%)+b(1+¥)+c(1+£)=d — a=g.dza-b-c

Then the coordinates of P’ are

d—a—b-—-c

Ab d—a—b—c Ac d—a—-—b—-c
@i yer YT Sy

Aa
¢=1t5 =lta Trr e Tt “aZt bzt

as before.

. Consider the function )
d— —-b
Hayy) = (@ — D+ - 1)° + (=2 1),

which is the square of the distance from a point (z, y, z) on the plane to the point (1,1,1).
Now,

a

2(x—1) —2—

e 1) -

(w_1 0
Vi(z,y) = [2(y—1)—22 (@_1” B {0}

which implies

—b% —¢c%®+ab—ad+ ac d—a—-—b-—c cZ+a%?—ab+ bd — be
T = = 1+4a Yy =

d—a—b—c
a? + b2 + 2 it = 1+b

a2+b2+C2 a2+b2+c2’

as before. Substituting this in the equation of the plane gives the same coordinate of z, as before.
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2.9.3 Using CBS,

a 4 1/4
a:+3yS(:c + 81y )1/4:36 — 2+ 3y < 2%/4/6 = 25/4/3.

2 2 21/4
2.9.4 Using AM-GM,
1 2z +3y + =z 2/3
615 = x2y3z < 6 — 2x+3y+2z>6"".

2.9.5 We put g(z,y) = 52> + 6y + 5y*> — 8 and argue using Lagrange multipliers. We have

Vi(z,y) = AVg(z,y) = Fw} - A{

10x + 6y
2y )

6x + 10y
This gives the three equations
0=5(A—1)z+3y; 0=3x+50\—1)y; 5z’ +6xy+ 5y> =S8.
The linear system (the first two equations) will have the unique solution (0, 0) as long as 25(A — 1)®> — 9 # 0, but

this solution does not lie on the third equation. If 25(A — 1)®> — 9 = 0, then we deduce that z = +y. Substituting
this into the third equation we gather that 102> 4+ 62> = 8, resulting in x = +v2 or z = :I:%. Taking into

account the third equation, the feasible values are (v'2, —v/2), (—v'2,Vv2), (1/v2,1/v2), (-1/v2,—-1/+/2) The
desired maximum is thus
f(_\/E’ \/5) = f(\/E’ _\/5) =4

and the minimum is
F(1/V2,1/vV2) = f(—1/vV2,-1/V2) = 1.
Aliter: Observe that, using AM-GM,

2 2
5m2+6my+5y2:8jmz+y2= — — % - 1.

w0 oo

o agz-l,-yzzg.

w0 oo
SR
ol oo
oo

Ty >

2.9.6 Put g(x,y) = 2 + y® — 1. We need a = pAz?~ " and b = pAy?~'. Clearly then , A # 0. We then have

B ( a >1/(p—1) B ( b )1/(p—1)
T = Ap , Y = p .
p/(p—1) p/(p—1)
b
1= 2P p_ [ 2 2
vty <>\p> + (Ap> ’

_ _ (p—1)/p
a p/(p—1) b p/(p—1)
D p

al/(®—1) pl/(p—1)
T (@G- ; pt/e-0)1/p> YT (@/Ge-D 1 pl/e-D)1/p"

Thus

which gives

This gives

T

Since f is non-negative, these points define a maximum for f and so

aP/(P—1) pr/(P—1)

az +by S 7= § o/G-10y1/p T (@/G=D F 51/ G0/

2.9.7 Let g(z,y,2) = (x — 1)*> + (y — 2)®> + (z — 3)* — 4. We solve

Zr
Vily| =AVg |y
z Z_
for , y, A. This requires
[2:.: 2(z — 1)\
2y = |2(y — 2)A
{2zJ {2(z —3)A]
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Clearly, A # 1. This gives ¢ = 1__)‘)\, y= 1__2);\, and z = % Substituting into (z—1)*+ (y—2)>+(2—3)%> =
4, we gather that
- 2 —2) 2 —3X 2
(1—)\_1) +(1—>\_2) +(1—>\_3) =4
from where
A=1+ —V214.
This gives the two points
2 4 6
x z)=|1+ 2+ 3+ )
( 9 y’ ) ( /—14’ ;—14’ /—14
and
2 4 6
x z)=1|1-— 2 — 3 — .
(@9, 2) ( Vi’ Vi’ \/14>
The first point gives an absolute maximum of 18 + 12 7 14 and the second an absolute minimum of 18 — 12 - 14.

2.9.8 Observe that the ellipse is symmetric about the origin. Now maximise and minimise the distance between a
point on the ellipse and the origin. If a and b are the semi-axes, you will find that 2a = 2 and 2b = 6

2.9.9 Put g(z,y,2) = 2> + y*> — 2, h(x,y, z) =  + z — 1. We must find A, § such that
Vf(x,y,z) = AVg(x,y,z) + §Vh(z,y, z),
which translates into
1=2\x 4+,
1 = 2\y,
1=,
and
z? + y2 =1,
x+ z=1.

We deduce that # = 0,y = +v/2,z = 1. We may shew that (0,+/2,1) yields a maximum and that (0, —v'2,1)
yields a minimum.

2.9.10 One can use Lagrange multipliers here. But perhaps the easiest approach is to put y = 1 —« and maximise

f(x) =z + /(1 — x).

For this we have

, 1-— 2z 1 V2
=0 —= 14+ ———""  —0 — ==+ 4"
(=) +2\/:v(1—cc) YT + 4
Since
1 — 2x)? 1

14
€r) = — —

P = G —o)y” ~ aa=m

the value sought is a maximum. This maximum is thus
1, V2 1 V2
7 (5 + T) =3T3
2.9.11 Claim: the function achieves its maximum on the boundary of the triangle. To prove this claim we have to
prove that there are no critical points strictly inside the triangle. For this we compute the gradient and set it equal

to the zero vector:
_ama—lybe—(m-ky)} B {0

—b:cayb_le_(w‘“’) 0 = x=0o0ory=0,

(V) (z,y) = {

which means that the critical points occur on the boundary. Since the function is identically 0 forx = 0 or y = 0,
we only need to look on the line « 4+ y = 1 for the maxima. Hence we maximise f subject to the constraint
z +y = 1. Since z +y = 1, we can see that f(z,y) = z%yle” @Y = £2%e~1 on the line, so the problem
reduces to maximising h(z,y) = xz*y® subject to the constraint « + y = 1. Using Lagrange multipliers,

a—1_b
(Vh)(2,y) = M(V) (2, y) => {“‘i ,i’l} = H
bx"y 1
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which in turn

a— a — b a
— ax lyb:A:bxyb1:>ay:bmjay:b(l—y):>y:a+b’ a—_i_b'

Finally,

flz,y) = 2%y e TV < 2%yfe™! < (a+b) (a+b) e .

2.9.15 Try p(z,y) = (y2 + 1):!32 + 2zy + 1.

3.3.1
l. Let Ly :y=ax+ 1, Ly : —x + 1. Then

/ xdx 4+ ydy / xdx + ydy + / xdx 4+ ydy
C Lf L2

1
= / zdz(x + 1)dz + / xzdx — (—x + 1)dz
—1 0

= 0.
Also, both on L; and on L2 we have ||dx|| = v/2dz, thus

/wyndxn - /wy||dx||+/ zy||dx]|
Cc L4 Lo

= V2 ' a:(a:+1)da:—\/§/la:(—a:+1)da:

= 0.

2. We put ¢ = sint, y = cost, t € [—% ,g] Then

/2
/ zdz +ydy = / (sint)(cost)dt — (cost)(sint)dt
C —m/2
= 0.
Also, ||dx|| = \/(cos t)2 + (— sint)2dt = dt, and thus
/2
/ zy||dx|| = / (sint)(cos t)dt
C —m/2
_ (sint)?|7/2
2 —m/2
= 0.

3.3.2 Let I'; denote the straight line segment path from O to A = (2v/3,2) and I'; denote the arc of the circle

centred at (0, 0) and radius 4 going counterclockwise from 6 = % to 6 = %

Observe that the Cartesian equation of the line OA is y = 2 Then on T

V3

x x 4
zdx + ydy = xde + —d— = —xdx.
yay V3 V3 3

2v3 4
/ zdx 4+ ydy = / —xdx = 8.
r1 0 3

On the arc of the circle we may put = 4cos 0, y = 4sin 0 and integrate from 6 = % to 0 = % Observe that
there

Hence

zdz + ydy = (cos 8)d cos 6 + (sinf)dsin @ = — sin 6 cos 6dO + sin O cos 0d6 = 0,

and since the integrand is 0, the integral will be zero.
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Assembling these two pieces,

/mda:—i—ydy:/ a:da:—i—ydy—l—/ zdx + ydy =8 + 0 = 8.
r 'y r2

To solve this problem using Maple you may use the code below.

> w1th](_StudentéVectorCalculus ]
> Linelnt( Vec orFJ.eldc(i <x,y>"), Llne( <0,0>, <2*sqrt(3) 2> 1))
> +LineInt( VectorField( <x,y> ), Arc(CJ.rcle( <0,0>, 4), Pi/6, Pi/5) )

’

3.3.3 Using the parametrisations from the solution of problem we find on I'; that

z||dx|| = x4/ (dz)2 + (dy)2 = z4/1 + %dm = %mdm,

whence
2v3 o
Alxﬂdx”:A ﬁmdm=4\/§.
On I'z that
z||dx|| = 4/(dx)2 + (dy)2 = 16 cos #1/sin? 6 + cos2 6dH = 16 cos Hd6,
whence

w/5

z||dx|| = 16 cos 0d = 16sin — — 16sin — = 4sin — — 8.

- 5 6 5
2 /6

Assembling these we gather that

/a:||dx|| :/ a:||dx||—|—/ a:||dx||=4\/§—8+165in£.
r ry ra 5

To solve this problem using Maple you may use the code below.

w1th](_student [VectorCalculusd ) :
> PathInt(x, [x,y]= Line( <O <2xsqrt(3),2> )) |
> +PathInt(x, [X,V] Arc(Clrcle( '<0,0>, 4), P1/6 Pi/5) );

Maple gives 16 cos i—o rather than our 16 sin ~ 5 To check that these two are indeed the same, use the code

> is(lé6xcos(3xPi/10)=16%sin(Pi/5));
which returns true.

3.3.4 The curve lies on the sphere, and to parametrise this curve, we dispose of one of the variables, y say, from

wherey:1—a:anda:2+y2+22=1give

w2+(1—w)2+z2=1 = 222 —2z+22=0

1\2  , 1
= 2(z-= ==
(w 2) + 2

1 2 2
— 4(3:—5) +2z°=1

So we now put
1 cost sint 1 cost
= = =—1l— == —
r=gt o ok ¥ 2

1

We must integrate on the side of the plane that can be viewed from the point (1, 1, 0) (observe that the vector |1

0

2
is normal to the plane). On the zz-plane, 4 (a: — %) +22% = 1is an ellipse. To obtain a positive parametrisation

we must integrate from ¢t = 27 to ¢ = 0 (this is because when you look at the ellipse from the point (1,1, 0) the
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positive z-axis is to your left, and not your right). Thus

%zdm + xdy 4+ ydz = Slntd (l + COSt)
r

(
[ (3 ety ()

. / (sint+cost+costsint_ 1 )dt
P 4 242 4 242

3.5.1

3.5.2

3.5.3 ——

3.5.4 The integral equals

U\

1 N
rydxdy = / x </ Yy dy> dz
0 x2

- /fl %m(m_m‘*) dz

12°
3.5.5 The integral equals

/wsinwsinydwdy—l—/ysinwsinyd:vdy = 2 </ ysiny dy) (/ sinx dw)
0 0
D D

4.

Yy 1,1
/ z?dedy + / / y2dady
0 o Jy

3.5.6 The integral is

—
8
N
Q.
8
(=}
<
+
—
<
N
[N
8
Q.
<
I
ﬁ

=<y y<wz
11/3 ! 2 3
= /gder/ (v* —vy")dy

911 3 o 4 1
120 3 4 o
1 1 1
grsa

21

3.5.7 —
8

3.5.8 Observe that
2
T +y2=16,y=—?m+4 — 16—z = (—?m+4> - m=0,2\/§.

The integral is

23  p4/16—22 2v3
3
zdydx = w<\/16—w2+£w—4> dz
0 —Y3a44 0 3

\/g 2v3

= —§(16 — m2)3/2 + ?ma — 227

0
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359e¢e—-1

3.5.10 We have

[0;1]2

3.5.11 Begin by finding the Cartesian equations of the various lines: for OA is Yy =

min(z, y?)dA

/:ch—l— / y3dA

[051]2 [051]2
r<y? y2<ax

// a:da:dy—l—// yidaedy
= /w2 dy+/yw dy
2 o,
1
5/ 4dy—i—/(y —y*)dy
o]

1 2
= E—FE
%-

xr «—>
g(OSCDS 1), for AB is

y:3:c—8(3§a:§4),andfor](3_0)isy=:c(0§a:§4).

We have a choice of whether integrating with respect to « or y first. Upon examining the region, one notices
that it does not make much of a difference. I will integrate with respect to y first. In such a case notice that for

<> <> «—> >
0 < z < 3, y goes from the line OA to the line OB, and for 3 < = < 4, y goes from the line AB to the line OB

/ rxydA
R

/ / rydydx +/ / rydydx
/3 3z—8

= / zy?| dzx + S| =z

2 xz/3 3

1 . x? 1,

E/w(m—?>dw+iﬂw(w—

a4 [? 1 [

— z3dx + = (—8a:3 + 482 — 64a:) dx

9 /o 2 /5

949
18.

(B — 8)2) dx

To solve this problem using Maple you may use the code below.

> with(Student [VectorCalculusA ) :
> int(x*y, [X,y]=Triangle(<0,0>,<3,1>,<4,4>));

Maple can also provide the limits of integration, but this command is limited, since Maple is quite whimsical
about which order of integration to choose. It also evaluates expressions that it deems below its dignity to return

unevaluated.

> int(x*y, [Xx,y]=Triangle(<0,0>,<3,1>,<4,4>), 'inert’);

3.5.12 Integrating by parts,

/loge(l + z + y)dzdy

D

1 1—=x
= / (/ log.(14+z 4+ y) dy) dx
0 0

- /[(1+w+y)loge(1+m+y)—(1+w+y)] == do

(21log.(2) —1—log., (1 4+ z) —zlog, (1 4+ x) + x) dx

I
Lol HN
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3.5.13 First observe that on [0;2]%, 0 < [« + v°|| < 6, so we decompose the region of integration according to
where ||z 4+ y®| jumps across integer values. We have

/ lz +y%)dA = / 1dA + / 2dA + / 3dA + / 4dA + / 5dA
[0;2]2

[052]2 [0;2)2 [052]2 [052]2 [0;2)2
lety2]=1 lety2]=2 lz+y2]=3 lety2]=4 lz+y2]=5
= / dA + 2 / dA + 3 / dA + 4 / dA +5 / dA
[0;2]2 [0;2]2 [0;2]2 [0;2]2 [0;2]2
1<z+y2<2 2<z+y2<3 3<z+y2<4 4<z+y2<5 5<z+y2<6

By looking at the regions (as in figures through [A17] below) (I am omitting the details of the integrations,
relying on Maple for the evaluations), we obtain

1 V2—= 2 V2—=z
/ dA:// dydm—l—// dydw:—é—l—é\/ﬁ—l—gz—z—}—éﬁ.
P . /o 3 '3 3 3 '3

[052]2
1<z+y2<2
2 \3—x
2 / dA:2// dydm:4\/§_§\/—_é_
0o J2—= 3 3
[052]2
2<z+y2<3
2 Va—zx
3 / dA=3// dy dz = 18 — 6V3 — 4V/2.
o \3—z
[052]2
3<z4y2<4
1 r2 2 45—z
4 / dA:4// dyda:+4// dydmz_@+8\/§+%_16\/§+ﬁx/§.
o Ji—= 1 Jya= 3 3 3
[052]2
4Sw0+2y2<5

2 5 50
5 / dA=5// dy dz = —=— 4 10V/3.
1 V5—z 3

[0;2]2
4<z+y2<5

Adding all the above, we obtain

/ |z + y*|dA = —+ \/_— —\/§z7.7571.
[0;2]2

2 2 2 2 2 0
NN
0 0 0 0 0
0 1 2 0 1 2 0 1 2 0 1 2 0
Figure A.13: 1 < « 4+ Figure A.14: 2 < = + Figure A.15: 3 < = 4+ Figure A.16: 4 < « 4+ Figure A.17: 5 < = +

y2<2. y2<3. y2<4. y2<5. y2<6.

3.5.14 Observe that in the rectangle [0 ;1] x [0 ;2] we have 0 < = 4+ y < 3. Hence

/[La: +y|dA = / R 1dA +/ R 2dA
R <m+y<2 <w+y<3

/ / 1dydx + / / 2dydx
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1 \Va—=z2 2 Va—z2 7
3.5.15 / / xzdydx + / / zdydx = —.
o] V1i—=z2 1 o] 3

1,3 2 -1 2 1 2 3
3.5.16 / / zdxdy + / / xzdxdy + / / zdxdy + / / xzdxdy = 7.
o J-2 1 J-2 1 Jo 1 J2

3.5.17 Exchanging the order of integration,

w/2 y /2
/ / Cosydwdy = / cosydy = 1.
0 o Y 0

3.5.18 Upon splitting the domain of integration, we find that the integral equals

2 y? 2 y
/ / sin 22 dx dy = / [— 2y cos E} dy
1 v 2y 1 ™ 2y v

upon integrating by parts.

3.5.19 The integral is 0. Observe that if (z,y) € D then (—xz,y) € D. Also, f(—z,y) = —f(z,y).

2/V5 %\/ 4—y2
3.5.20 / dzdy = g + 4 arcsin <\/?§> .

YN Y W
3.5.21 The integral equals

1 -
/wydA = / /1+wwydy dz
PA 0 0

3.5.22 Using integration by parts,

/loge(l + 2% 4+ y)dA

D

I
h
VR
s~
T
8

= / (2log, (2) — 1 — log, (1 + 2*))dz

+ (—z”log, (1 4 z°) + 2?) dz
y 8 w

= Zlog.24°-T,
glog2+t5 -3

2 \/m
3.5.23 / / zdxrdy = 2.
o Jv2y—y?

3.5.25 Let
D, Z{(may) €R2| -1<z< 1,z Sy}a

D; = {(z,y) eR}| -1 <z <1,z >y}
Then D = D; U D2, D1 N D2 = () and so

/f(cv, y)daedy = f(z,y)dxedy + f(z,y)dedy.
D1 Do
D

log, (1 4+ z* + ) dy> dx
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By symmetry,
f(z,y)dzedy = f(z,y)dzedy,

D; D2

and so

A @ y)dedy = / f (@, y)dady

- ([onw) e

= (1 -2z 4 2°) dx
—1

3"

3.5.26 The line joining A, and B has equation y = —x — 2, line joining B, and C has equation y = —7z + 10, and
line joining A, and C has equation y = 2z 4+ 1. We split the triangle along the vertical line = 1, and integrate

first with respect to y. The desired integral is then
1 2z+1
/ (/ (2« + 3y + 1)dy) dz
—1 —xr—2

2 — 72410
—|-/ (/ (2a:+3y+1)dy) dzx
1 —x—2
L21 ,
/_1(2w —|—9:v——)d:v
2

+ (60:!32 — 198z + 156) da
1

/ (2 + 3y + 1) dedy
D

= 4-1
3.

3.5.27 Since f is positive and decreasing,

/ / F@)F W)y — 2)(F(2) — £(y))dedy > 0,

from where the desired inequality follows.

3.5.28 The domain of integration is a triangle. The integral equals

/wy(w +y)dzdy = Al (Al_m zy(x + y) dy) de

D
2 3

1 y y 1—x
x |::v? + ?] dz

By EAE A

gl
O-

1
3.5.29 Fort € [0;1], first argue that/ f(x)dz > (1 —t)f(t) > f(t) —t. Hence
0]

Al Al (f(z)dz) dy > Al(f 0 g)(y)dy — Alg(y)dy.

11 1
Since / / f(z)dzdy = / f(x)dz, the desired inequality is established.
o Jo 0

3.5.30 Put f(z,y) = xy + y>. If I, II, III, IV stand for the intersection of the region with each quadrant, then

f(z,y)dzdy = [ f(—=z,y)d(—=z)dy = — [ f(z,y)d=zdy,
/ / /
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/}@mey=/f@—wma—w=—/}@wmm%

and

b/f«myﬁhdy==/ ﬂ—m,—yﬁM—mﬁM—y)=—+/31myﬁMdu

Thus

(ﬂw+fﬂmy /ﬂ%wM@+/ﬂ%wM@+/f@wM@+/ﬂ%wM®
S

/ﬂwww@—/ﬂwwmw+/ﬂwww@—/ﬂawmw

=0.

3.5.31 We split the rectangle [0; a] x [0; b] into two triangles, depending on whether bx < ay or bz > ay. Hence

/a /b elmax(bzczzz,azyz) dydcv — / elmax(bzczzz,azyz) dydcv + / elmax(bz:zzz,0,2312) dydcv
(4] o]

bx<ay bx>ay

a2 2 b2z2
= e Y dydx + e dydzx

bx<lay br>ay

b ay/b 2 2 a bx/a 2 2
= / / e® ¥V dxdy —|-/ / e” ¥ dydzx
o Jo o_Jo
b a2y? a a2y2
_ / aye dy+/ bxe da
o 2 b 2,2 0 @
be 1 a“b® 1

2%gb 2ab

ab )
3.5.32 Observe that > %(w + y)? > 0. Hence we may take the positive square root giving y < v/2x — x. Since
y > 0, we must have v2x — ¢ > 0 which means that z < 2. The integral equals

A2 <Am_m \/@dy> de = §A2 2/5@/% _ 2)*?da

4 [V2
= g/ u?(uv'2 — u?)* ?du

= / (1 —v*)*?(1 + v)?dw

— /2
T "

1 7r/2
= E/ cos* 0(1 + sin® 9)do
9

"
3.5.33 Observe that

a 0 if a is an integer
sin27rx dox = 1
0 2—(1 — cos2ma) if a is not an integer
i
Thus “
/ sin27x de = 0 <= a is an integer.
0
Now

N
Z / sin 27wz sin 27y dedy = 0
k=1 Bk

since at least one of the sides of each R is an integer. Since

N
/ sin 27rx sin 27wy dady = Z / sin 27z sin 27wy daxdy,
R

we deduce that at least one of the sides of R is an integer, finishing the proof.

Free to photocopy and distribute




Answers and Hints

3.5.34 We have

1 p1 1 n 1 n
cee (x12 + - zn)derdz2 .. . de, = (/ wkdwk>
Ll I/, Ith

NI)—'

3.5.35 This is

1,1 1 n n 1,1 1
/ / / Zwk dzidzs...dx, = Z/ / / rrdxriders...dxr,
o Jo 0 o Jo 0

k=1

3.5.41 The integral equals

1
———dxzd =
/<w+y>4 ey
D

Il
le)_‘ﬁ —
= L}
|
W=
—
8
+
<
v
.;;
H
Q.
8

&l
m-

3.5.45 The integral equals

2/3 z+1 4 2—-2
/wdwdy = / (/ dy) xr dx + / (/ dy) x dx
-1 0 2/3 \Jo

b 2/3 4 -
= / a:(a:+1)da:+/ m(Z——) dz
—1 2/3 2
275

54 °

3.5.46 Make the change of variables xx = 1 — y,. Then

1 1 1
I:AA ...A COS2(%(wl+$2+-..+wn))d£ﬂ1da)2...d;l:n

equals

/ / / sin? —(y1 +y2+- +yn)) dy: dyz... dyn.

Since sin?t + cos’t = 1, we have 2I =1, andsoI_E

u—l—vandy:u—

3.6.1 ® Putx = Y Then z +y = u and = — y. Observe that D’ is the triangle in the uv
plane bounded by the lines v = 0,4 = 1,v = u,v = —u. Its image under @ is the triangle bounded by the
equations ¢ = 0,y = 0, + y = 1. Clearly also

1
dz Ady = Edu A dv.

® From the above

/(cc+y)2 “*-v’qa = 1/ u?e*’dudv

= / / u?e*’dudv

= /u(e —e_"z)du
2 J,
1

= Z(e +e ' —2).
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3.6.4 Here we argue that

du = ydx + zdy,

dv = —2zxdz 4+ 2ydy.

Taking the wedge product of differential forms,

du A dv = 2(y® + 2®)dz A dy.

Hence
f(z,y)dz A dy

The region transforms into

The integral becomes

/f(w,y)dw A dy
D

3.6.5 © Formally,
dzdy

1—=zy

A

@ This change of variables transforms the

(y* - 534)%
N 2(y? + =2?)
E(y2 — z%)du A dv
%du A dv

du A dv

A = [a;b] x [051].

AVRDIVALD

—a

2
4

-+« )dzdy
1

dxz
0

1 1
//(1+wy+w2y2+w3y3+
0] 0]

1 2 3
/(y+%+ =y +>
011 X £U2 CUB d
0(1+§+?+Z+“'>"”

4
1 1
1+¥+§+E+"'

ﬂ32y3

3

4

+

square [0;1] x [0;1] in the zy plane into the square with vertices

at (0,0), (1,1), (2,0), and (1, —1) in the uv plane. We will split this region of integration into two disjoint
triangles: Ty with vertices at (0, 0), (1,1), (1, —1), and T2 with vertices at (1, —1), (1,1), (2,0). Observe

that

and that v + v = 2z, u — v = 2y and so

/

T1UTo

1
2

as desired.

©® This follows by using the identity

dz Ady = %du/\dv,

4zxy = u® — v>. The integral becomes

du A dv
l_uzzvz
1 u 2 2—u
dv dv
2 —)d 2 —)d
A (/_u4—u2+v2> vt A (L_z 4—u2+v2> w

bodw
A m — arctant.
O This is straightforward but tedious!
3.7.1 The integral in Cartesian coordinates is
V15 p4/16—y2 1 V15
/ / zydxdy = —g/ / 15y — y3dy
1 1 2 1
4
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The integral in polar coordinates is

1

7 4 arccos 3 4 1 z 1
/ / r® sin 6 cos Odrdo + / / r® sin 0 cos 6drdo = / (44 - ) sin 6 cos 646
arcsin % 1/sin 6 z 1/ cos@ 4 arcsin % sin® @

4 +1 reced (44 __ 1 ) sin 0 cos 6d6
4 [ cos4 6
4
44

1
arccos 7

= 7 i sin 0 cos 6dO

arcsin a

1 (% R
_Z/ (cot 8)(csc” 6)do

PR §
resin 7

1

arccos a
_1 / (tan #)(sec® 8)d6

3.7.2 Using polar coordinates,

w™/2 2cos 6
/332 —yidady = / (/ p° dp) (cos® 8 — sin® 6)do
—m/2 0

D
/2
= 8/ cos® B(cos® 6 — sin® 9) d6
o

= .

3.7.3 Using polar coordinates,

/4 V'sin 260

/q/a:yda:dy = 4/ </ P/ p? cos B sin b dp> dé
0 0

D

/4
= %/ (V/sin20)*v/cos @ sin 6 d
0

4 /4
.2
= — sin” 20 d6@
3\/§A
V2

12 °

3.7.4 Using x = apcos @, y = bpsin 6, the integral becomes

2m 1
(ab) </ a® cos® 0 + b3 sin® 0d0> (/ p4dp> = %(ab) (a® +b%).
0 0

w/6 1 2
/f(cv,y)dA = / (/ p dp> de
5 (o] 2sin 6

3.7.8 Using polar coordinates,

1 /6
= §/ (1 — 8sin®9) do
0
T 16
= — - 3.
18 9 + V3

3.7.9 Using polar coordinates the integral becomes

/2 2 cos 6 4
/ (/ p4dp> cos®0sinfdl = —.
0 0 5

3.7.11 Using polar coordinates the integral becomes
w/4 2cos 6 /4 2
1 0
/ (/ _3dp> do = / <cos2 g — ¢ ) a0 =",
—n/4 1/ cos 6 P (o] 4 8
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3.7.12 Put
D' ={(z,y) ER*:y>z,2° +y* —y < 0,2° + y* — = < 0}.
Then the integral equals

(z + y)’dady.

DI
Using polar coordinates the integral equals
w/2 cos 6 1 /2
2/ (cos 8 + sin ) (/ p3dp> de = = / cos* (1 + 2sin 6 cos 0)do
/4 0 2 /4
- 3 _ 5
64 48’

3.7.13 Observe that D = D, \ D; where D is the disk limited by the equation 2> 4+ y®> = 1 and D; is the disk
limited by the equation z> + y* = y. Hence

/ dzdy dzdy dzdy
1+ x2 + y2)2

PV " o, AT 49  Jp, AT a2+

Using polar coordinates we have

dxdy
————dpdf = —
b, A+ 22 +y2)2 / / (1_|_ p2)z P

dzdy _ sin 6 _ /2 sin? 0dO
p, A +=z24+y2)2 (1 + p2)2 2)2 o 14sin®?6
Fe T _ i

A t2 + 1 2t2 + 1~ 2 4
(We evaluated this last integral using ¢ = tan 6) Finally, the integral equals

- (-)="

3.7.14 We have
2xdx = cosOdp — psinfdf, 2ydy = sinfOdp + pcosdH,

whence
4xydx N dy = pdp A d6.

22y®\ /1 -zt —ytdeAdy = %(mzyz)(\/l — x4 — y*)(4zy dz A dy)
3 .
= Z(p cos0sinf./1 — p?)dp A dO

z* +9y* <1 = p’cos’O+p’sin®0<1 = p<1.

Since the integration takes place on the first quadrant, we have 0 < 6 < w /2. Hence the integral becomes

/2 1 /2 1
/ / i(p3 cos0sin0./1 — p2)dpdld = (/ cosOsinOdO) (/ p3 /1 — p2dp>
0 0 0 0
1

2
15

It follows that

Observe that

==

‘27

3|

3.7.15 O Using polar coordinates

27 a
I, = / (/ pe“’2dp> do = (1 — e ).
(0) (0)

0 The domain of integration of J, is a square of side 2a centred at the origin. The respective domains of
integration of I, and I, 5 are the inscribed and the exscribed circles to the square.

©® First observe that )
Jo = (/ e_zzd:c> .

Since both I, and I a3 tend to w as a — +o0, we deduce that J, — =. This gives the result.
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3.7.16
drdé

4<a2fy2<16

1
/ w2+wy+y2dA - / /r2+r251n0c050

., (1 + s1n0cos 0) drd@

- (/ rramgesa) ([ )
1+smecos0 r
</ 1—|—51n0C050>10g2
= (/ %)‘m
= ([ ) e

= 4Ilog?2,
de
so the problem reduces to evaluate I = / 2T sin20’ To find this integral, we now use what has been dubbed
o
s “the world’s sneakiest substitution]: we put tan@ = t. In so doing we have to pay attention to the fact that
0 — tan 0 is not continuous on [0; 7], so we split the interval of integration into two pieces, [0; 7] = [0; g]u] g; ).
2t 1—1¢2 dt
Then sin 20 = m, cos 20 = m, de = 1 +t2 Hence
R U Y GG U [ de
o 2+sin20 —  J, 2—|—sin20 /2 2—|—sin20

— /+°° 1+t2 +/ 1+t2

0 1+t2 1+t2
_ [T a0 dt
A 2(t2+t+1) o 22 +t+1)

_ 3/*‘”L+_/ At
3Jo (Z+ 2R+l ro T

V3| tee 2t\/_ \/‘ 2t\/_ \/‘
= 5 arctan | —— + — —_— arctan | —— + —
0 — oo
NEWE T 3 T T
= ?(5—5) 5 (E_(_E))
. 3
-3
We conclude that
1 dA — 4m+/3log 2
z2 4+ zy + y? - 3 )
4<z2?2+4y2<16

3.7.17 Recall from formula that the area enclosed by a simple closed curve I is given by
1 / xdy — ydx.
2 r

zdy —ydex = (pcosB)(sinBdp + pcosfdf) — (psinb)(cosOdp — psinHdE)
2
= p“do.

Using polar coordinates

Parametrise the curve enclosing the region by polar coordinates so that the region is tangent to the polar axis at
the origin. Let the equation of the curve be p = f(6). The area of the region is then given by

™ ™ w™/2
3 [ rrao =5 [wontao =3 [T @@ + (10 +m/2)"a0.

By the Pythagorean Theorem, the integral above is the integral of the square of the chord in question. If no two
points are farther than 2 units, their squares are no farther than 4 units, and so the area

1 /2
< —/ 4d0 = =,
2 0

by Michael Spivak, whose Calculus book I recommend greatly.
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a contradiction.

3.7.18 Let I(S) denote the integral sought over a region S. Since D(z,y) = 0 inside R, I(R) = A. Let £ be a
side of R with length I and let S(.Z) be the half strip consisting of the points of the plane having a point on . as
nearest point of R. Set up coordinates uv so that u is measured parallel to .Z and v is measured perpendicular to

L. Then .
I(S(2)) = / / e Y dudv = 1.
o] o]

The sum of these integrals over all the sides of R is L.
If ¥ is a vertex of R, the points that have ¥ as nearest from R lie inside an angle S(7) bounded by the rays
from 7 perpendicular to the edges meeting at ¥'. If « is the measure of that angle, then using polar coordinates

I(S(7)) = f Am pe=" dpdf = a.

The sum of these integrals over all the vertices of R is 27w. Assembling all these integrals we deduce the result.

1 11—y 1—=2
/ zdV = / / / zdzdzdy
E o Jo 0
1 11—y

3.8.1 We have

= z — z%dzdy
fl-y? a-y)°
_ y)? v’ 4y
, 2 3
_ Q-9 a-»?
- 12 6 o
5

3.8.3 Let A =(1,1,1), B = (1,0,0), C = (0,0,1), and O = (0, 0,0). We have four planes passing through each
triplet of points:

P: ABC, z—y+z=1

P;: A,B,O z=uy

Ps: A C,O zx==uy

Py: B,C,O0 y=0.

Using the order of integration dzdxdy, z sweeps from P> to Pi, so the limits are z = y to 2z = 1 — = + y. The
projection of the solid on the zy plane produces the region bounded by the lines * = 0, * = 1 and « = y on the
first quadrant of the zy-plane. Thus

1 x l1—xz+tvy 1 x
/ / / dzdydz = / / (1 — z)dydz
o Jo Jy o Jo
= / (a: - a:2) dx
0

mz :173 1
2 3

(o]

Il
O =/

We use the same limits of integration as in the previous integral. We have

1 x l1—xz+y 1 x
/ / / rdzdydr = / / (z — z°)dydz
o Jo Jy 0 Jo
= / (wz — ws) dx
0
_ (w_‘°' _ w_“) '
N 4
12°

3 99—z y/3
/ zdV = / / / zdzdydx = 2—7
E 0 0 o] 8
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3.8.4 We have
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3.8.5 The desired integral is

o

log(y + 1) — log ydy

s~

Lot dxdydz . Lot 1 ( x> _ y> ) deduds
o Jo Jo @+x222)(1+y222) [, Jo Jo @2 —y2 \1+4x222 1+ y22z2 Y
1 1 z=
= A A o ! 5 (z arctan(xzz) — y arctan(yz)) dady
1 1 z=0
m(z —y)
= T 7Y qady
Al Al 2(z? — y?)
T
= _ T _dady
A 2(z +y)
T
2
T
2

-((y+1)log(y+1)—(y+1) —ylogy +y)

I
3
=}
®
N

3.9.1 Cartesian:

Va2 y?
/ / / dzdzdy.
-1 V1 z24y2
1 27 r
/ / / rdzdfdr.
o Jo r2
/2 27 (cos ¢)/(sin ¢)?
/ / / r? sin ¢pdrd@deé.
~/4 Jo 0

Cylindrical:

Spherical:

.
The volume is —.

3.9.2

1. Since z? + y® < z < /4 — 22 — y2, we start our integration with the z-variable. Observe that if (x, y, z) is
on the intersection of the surfaces then

22 +2z2=4 — z = #
Since z* + y* 4+ 2> =4 = —2 < z < 2, we must have z = vir—1 only. The projection of the circle of

intersection of the paraboloid and the sphere onto the zy-plane satisfies the equation

V17T -1
Frz=4 = 2+’ + @+’ =4 = 2"+ =5 —,
a circle of radius ”T_ The desired integral is thus

\/__1 —x2 4—x2_y2
/ \/_ / = / xrdzdydz.
\/ 17—1 \/ 1;—1_m2 w2 4y2

2. The z-limits remain the same as in the Cartesian coordinates, but translated into cylindrical coordinates,
and so r?® < z < /4 — r2. The projection of the intersection circle onto the xzy-plane is again a circle with

V17T -1
2

27 A/ @ vV 4—r2
/ / / r? cos Odzdrdé.
o] 0] r2
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3. Observe that

z=x2">4+y®> = rcos¢d = r>(cos0)*(sin ) + r*(sin)?(sin p)> = r € {0, (csc ¢)(cot ¢)}.

It is clear that the limits of the angle 0 are from @ = 0 to 8 = 2=x. The angle ¢ starts at ¢ = 0. Now,

zZ =rcos¢

The desired integral

27 arccos (

V1T -1

= cos¢ = 2
2
V1T -1
4

) .
/(csc ) (cot ¢)

=—> ¢ = arccos (

V17T -1

4

r® cos 0 sin? ¢pdrdede.

Perhaps it is easiest to evaluate the integral using cylindrical coordinates. We obtain

L

r? cos 6dzdrdf = 0,

)

a conclusion that is easily reached, since the integrand is an odd function of z and the domain of integration is
symmetric about the origin in x.

3.9.3 Cartesian:
Cylindrical:

Spherical:

The volume is S?ﬂ-

3.9.5 We have

T
96
T
14

3.9.7

3.9.8

3.9.9 We put

Upon using sin® @ + cos

o® +y? +u +o? =

Now,

de =
dy
du
dv

V3 /3—y2
/—\/E /;\/3—y2 1

\/4_m2_y2

dzdzdy.

V3 2w Va—r2
/ / / rdzdédr.
0 0 1

/3 2w 2
A /) l/cosq&

r? sin ¢pdrdode.

27 2 2+4r cos 6
/ ydV = / / / r? sin f#dzdrd6 = 0.
E (0) 1 (0)

x = pcosOsingsint;y = psinfsingsint;u = pcospsint;v = pcost.

2

a = 1 three times,

= r?cos®Osin® ¢ + r?sin® Osin® ¢ + r? cos® ¢

2
= T cCos

2
= 7r°.

20 +r%sin?0

r2 cos? 0 sin® o} sin’t + r2 sin? 0 sin® (0] sin® t + r? cos? (0] sin® t + r2 cos® t

cos 0 sin ¢ sintdr — psin 0 sin ¢ sintd@ + p cos 0 cos ¢ sin td¢ + p cos 0 sin ¢ cos tdt
sin @ sin ¢ sintdr 4 p cos 0 sin ¢ sintd@ + psin O cos ¢ sintdep + psin O sin ¢ cos tdi
cos ¢ sintdr — psin ¢ sintd¢ + p cos ¢ cos tdt

costdr — psintdt
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After some calculation,
dz A dy A du A dv = 73 sin ¢ sin® tdr A d¢ A d6 A dt.

™ 27 ™ 1
ew2+y2+“2+”2dmdydudv = / / / / r3e™ sin ¢ sin® tdrd¢dodt
o o 0 o
x24y?tu4v2<1
1 2 27 ™ ™
( r’e” dr> (/ d0> (/ sin ¢d¢> (/ sin® tdt>
Q 0 o 0

= (3)eme (3)

2
= .

Therefore

3.9.10 We make the change of variables
u=x+y+2z — du=dx +dy + dz,

uv =y + 2z — udv + vdu = dy +dz,
wvw = z —> uwvdw + vwdv + vwdu = dz.

This gives
z=u(l—v),

y = uv(l — w),
z = uvw,
w’vduAdvAdw=dzAdyAdz.

To find the limits of integration we observe that the limits of integration using dx A dy A dz are
0<2<1,0<y<1—2,0<z<1—y— =z
This translates into
O0<uvw <1, 0<uww —vvw <1l—uvw, 0 <u—uv <1—uv+ uvw — uvw.

Thus

which finally give
0<u<1,0<v<1,0<w<l.

The integral sought is then, using the fact that for positive integers m,n one has

m!n!

1
A (1 —x) dwzma
/ / / w?® v ¥ wd(1 — w)*(1 — v)(1 — w)® dudvdw,
which in turn is

! ! . 1 1 1
20 4 18 8 9
u 1—u)"du v 1 —v)dv vwvwl-wYdw)|l = — . — « ——

1
T 44172388260000°

we deduce,

which is

3.10.1 We parametrise the surface by letting * = u,y = v,z = u 4 v>. Observe that the domain D of X is the
square [0; 1] X [0; 2]. Observe that
dx A dy = du A dv,

dy Adz = —du A dv,
dz A de = —2vdu A do,

and so
||d2x|| = /2 + 4v2du A dv.
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The integral becomes

2 1
/y||d2x|| = //v 2 + 4v2?dudv
o Jo
= 1 2
= (/ du> (/ Y 2+4v2dv>
0 0

13v2

3

3.10.2 Using x =rcosf, y =rsinf, 1 < r < 2,0 < 0 < 27, the surface area is
27 2
\/5/ / rdrdf = 37v/2.
0 1

3.10.3 We use spherical coordinates, (x,y,z) = (cos8sin ¢, sin 8 sin ¢, cos ¢). Here 6 € [0;27] is the latitude
and ¢ € [0;«] is the longitude. Observe that

dx A dy = sin ¢ cos ¢pdo A dO,

dy A dz = cos 0 sin® ¢pd¢ A d6,
dz A dx = — sin 0 sin? ¢do A d6,

and so
||[d®x|| = sin ¢de A d.

27 ™
/:.:2 ||d®x|| / / cos? 0 sin® ¢pd¢do
o o
= 47

3.10.4 Putz = u,y = v, 2° = u® + v*. Then

The integral becomes

3

dx = du, dy = dv, zdz = udu + vdwv,

whence w »
dz Ady =du Adv,dy Adz = —;du/\dv,dz/\d:c = —;du/\dv,
and so
||d2x|| = \/(dw A dy)? 4 (dz A dxz)? + (dy A dz)?
2 2
= /14 # du A dv
z

= V2duAdv.

Hence

2 2w 1 2 271_\/5
/z||d x||= / \/uz—}—vz\/ﬁdudv:ﬁ/ /p dpdf = 3 "
0 0
>

u24v2<1

3.10.5 If the egg has radius R, each slice will have height 2R/n. A slice can be parametrised by 0 < 6 < 2,
¢1 < ¢ < @2, with
R cos ¢y — Rcos ¢p2 = 2R /n.

The area of the part of the surface of the sphere in slice is

2w o2
/ R?sin ¢d¢df = 27 R*(cos ¢p1 — cos ¢p2) = 47w R*/n.
0 b1

This means that each of the n slices has identical area 47 R*/n.

3.10.6 We project this plane onto the coordinate axes obtaining

6 [ 3-2/2 o7
zydydz = B—y—z/2)ydydz = —,
4 o Jo 4
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3 r6—2z
- /mzdzd:c = —/ / z%dzdz = —ﬂ,
o Jo 2

>
3 3—y 27
/(a: + z)daxdy = / / (6 — ¢z — 2y)dady = =
o Jo
)

and hence
/wydydz — z%dzdz + (x + z)dzdy = 217

=

3.11.1 Evaluating this directly would result in evaluating four path integrals, one for each side of the square. We
will use Green’s Theorem. We have

dw

d(z®y) A dz + d(zy) A dy
(3w2ydw + cc3dy) Adx + (ydz + xdy) A dy
= (y—z%)dz A dy.

The region M is the area enclosed by the square. The integral equals

2 2
| [ w-atazay
o Jo

—4.

f z?ydz + zydy
c

3.11.2 We have

O Lapisy=x; Lac isy = —x, and Lpc is clearly y = —%m + %
® We have )
5
/ yide + xdy = / (z® + x)dz = =
AB 0, ) 6
2 — [ T((-% é) 1 _ 15
ch dx + xdy = ﬁ (( 3cc—|— 3 3:v dex = 2
0 14
ylde + zdy = / (z® — z)dz = =
ca —2 3

Adding these integrals we find
7{ yide + zdy = —2.
N

/(1 — 2y)dz A dy /_02 (/_;Z/BM/B@ - 2y)dy> da
7

©® We have

_ _4 10
- 27 27
= —2.

3.11.6 Observe that
d(w2 + 2y3) A dy = 2zdz A dy.

Hence by the generalised Stokes’ Theorem the integral equals

/2 4 cos 6
2zdx A dy = / 2p2 cosOdp A dO = 16r.
—n/2J0
{(z—2)24+y2<4}

To do it directly, put x — 2 = 2cost,y = 2sint,0 < ¢t < 27. Then the integral becomes

27 27
/ ((2 4+ 2cost)® + 165sin® t)d2sint = / (8 cost + 16 cos’ t
0 0

+8cos®t + 32 costsin® t)dt
= 16mw.

Free to photocopy and distribute




Appendix A

3.11.7 At the intersection path
0=a’+y° +2°—2@+y)=2—-y)’+y*+2°—4=2° —ay+ 2 =20y —1)° + 2% - 2,
which describes an ellipse on the yz-plane. Similarly we get 2(z — 1)® 4+ 2°> = 2 on the xz-plane. We have
d(ydz 4+ 2dy + xdz) =dy Adz +dz Ady +dz Adz = —dz Ady — dy A dz — dz A de.
Since dz A dy = 0, by Stokes’ Theorem the integral sought is
- dydz — dzdz = —27(V2).
2(y—1)2422<2 2(x—1)2422<2

(a:—:co)2+(y—y0)2 <1

(To evaluate the integrals you may resort to the fact that the area of the elliptical region pr b2

is wab).
If we were to evaluate this integral directly, we would set
y=1+4+cosb, z=1+2sinf,z =2—y=1— cos6.
The integral becomes
27 _
/ (1 + cos 8)d(1 — cos 0) + V2sin0d(1 + cos 0) + (1 — cos 6)d(v/2sin )
0

which in turn

27
:/ sin@ + sinfcos @ — V2 + v2cos0dO = —272.
0
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GNU Free Documentation License

Version 1.2, November 2002
Copyright © 2000,2001,2002 Free Software Foundation, Inc.

51 Franklin St, Fifth Floor, Boston, MA 02110-1301 USA

Everyone is permitted to copy and distribute verbatim copies of this license document, but changing it is not allowed.

Preamble

The purpose of this License is to make a manual, textbook, or other functional and useful document “free” in the sense of freedom: to assure everyone the effective freedom to copy and redistribute
it, with or without modifying it, either commercially or noncommercially. Secondarily, this License preserves for the author and publisher a way to get credit for their work, while not being considered
responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must themselves be free in the same sense. It complements the GNU General Public License, which is a copyleft
license designed for free software.

We have designed this License in order to use it for manuals for free software, because free software needs free documentation: a free program should come with manuals providing the same freedoms
that the software does. But this License is not limited to software manuals; it can be used for any textual work, regardless of subject matter or whether it is published as a printed book. We recommend this
License principally for works whose purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed by the copyright holder saying it can be distributed under the terms of this License. Such a notice
grants a world-wide, royalty-free license, unlimited in duration, to use that work under the conditions stated herein. The “Document”, below, refers to any such manual or work. Any member of the public
is a licensee, and is addressed as “you”. You accept the license if you copy, modify or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals exclusively with the relationship of the publishers or authors of the Document to the Document’s
overall subject (or to related matters) and contains nothing that could fall directly within that overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary Section may not
explain any mathematics.) The relationship could be a matter of historical connection with the subject or with related matters, or of legal, commercial, philosophical, ethical or political position regarding
them.

The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being those of Invariant Sections, in the notice that says that the Document is released under this License. If a
section does not fit the above definition of Secondary then it is not allowed to be designated as Invariant. The Document may contain zero Invariant Sections. If the Document does not identify any Invariant
Sections then there are none.

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or Back-Cover Texts, in the notice that says that the Document is released under this License. A Front-Cover
Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a format whose specification is available to the general public, that is suitable for revising the document
straightforwardly with generic text editors or (for images composed of pixels) generic paint programs or (for drawings) some widely available drawing editor, and that is suitable for input to text formatters or
for automatic translation to a variety of formats suitable for input to text formatters. A copy made in an otherwise Transparent file format whose markup, or absence of markup, has been arranged to thwart
or discourage subsequent modification by readers is not Transparent. An image format is not Transparent if used for any substantial amount of text. A copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup, Texinfo input format, LaTeX input format, SGML or XML using a publicly available DTD, and standard-
conforming simple HTML, PostScript or PDF designed for human modification. Examples of transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary formats that can be
read and edited only by proprietary word processors, SGML or XML for which the DTD and/or processing tools are not generally available, and the machine-generated HTML, PostScript or PDF produced by
some word processors for output purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as are needed to hold, legibly, the material this License requires to appear in the title page. For works in
formats which do not have any title page as such, “Title Page” means the text near the most prominent appearance of the work’s title, preceding the beginning of the body of the text.

A section “Entitled XYZ" means a named subunit of the Document whose title either is precisely XYZ or contains XYZ in parentheses following text that translates XYZ in another language. (Here
XYZ stands for a specific section name mentioned below, such as “Acknowledgements”, “Dedications”, “Endorsements”, or “History”.) To “Preserve the Title" of such a section when you modify the
Document means that it remains a section “Entitled XYZ" according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this License applies to the Document. These Warranty Disclaimers are considered to be included by reference in
this License, but only as regards disclaiming warranties: any other implication that these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

2. VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or noncommercially, provided that this License, the copyright notices, and the license notice saying this License
applies to the Document are reproduced in all copies, and that you add no other conditions whatsoever to those of this License. You may not use technical measures to obstruct or control the reading or
further copying of the copies you make or distribute. However, you may accept compensation in exchange for copies. If you distribute a large enough number of copies you must also follow the conditions
in section 3.

You may also lend copies, under the same conditions stated above, and you may publicly display copies.

3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the Document, numbering more than 100, and the Document'’s license notice requires Cover Texts, you must
enclose the copies in covers that carry, clearly and legibly, all these Cover Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also clearly and legibly
identify you as the publisher of these copies. The front cover must present the full title with all words of the title equally prominent and visible. You may add other material on the covers in addition. Copying
with changes limited to the covers, as long as they preserve the title of the Document and satisfy these conditions, can be treated as verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must either include a machine-readable Transparent copy along with each Opaque copy, or state in or
with each Opaque copy a computer-network location from which the general network-using public has access to download using public-standard network protocols a complete Transparent copy of the
Document, free of added material. If you use the latter option, you must take reasonably prudent steps, when you begin distribution of Opaque copies in quantity, to ensure that this Transparent copy will
remain thus accessible at the stated location until at least one year after the last time you distribute an Opaque copy (directly or through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well before redistributing any large number of copies, to give them a chance to provide you with an updated version of
the Document.

4. MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of sections 2 and 3 above, provided that you release the Modified Version under precisely this License, with the
Modified Version filling the role of the Document, thus licensing distribution and modification of the Modified Version to whoever possesses a copy of it. In addition, you must do these things in the Modified
Version:

A. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document, and from those of previous versions (which should, if there were any, be listed in the History section of
the Document). You may use the same title as a previous version if the original publisher of that version gives permission.

B. List on the Title Page, as authors, one or more persons or entities responsible for authorship of the modifications in the Modified Version, together with at least five of the principal authors of the
Document (all of its principal authors, if it has fewer than five), unless they release you from this requirement.

C. State on the Title page the name of the publisher of the Modified Version, as the publisher.
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D. Preserve all the copyright notices of the Document.
E. Add an appropriate copyright notice for your modifications adjacent to the other copyright notices.

F. Include, immediately after the copyright notices, a license notice giving the public permission to use the Modified Version under the terms of this License, in the form shown in the Addendum
below.

G. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts given in the Document’s license notice.
H. Include an unaltered copy of this License.

1. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating at least the title, year, new authors, and publisher of the Modified Version as given on the Title Page. If there
is no section Entitled “History” in the Document, create one stating the title, year, authors, and publisher of the Document as given on its Title Page, then add an item describing the Modified
Version as stated in the previous sentence.

J. Preserve the network location, if any, given in the Document for public access to a Transparent copy of the Document, and likewise the network locations given in the Document for previous
versions it was based on. These may be placed in the “History” section. You may omit a network location for a work that was published at least four years before the Document itself, or if the
original publisher of the version it refers to gives permission.

K. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the section, and preserve in the section all the substance and tone of each of the contributor acknowledgements
and/or dedications given therein.

L. Preserve all the Invariant Sections of the Document, unaltered in their text and in their titles. Section numbers or the equivalent are not considered part of the section titles.
M. Delete any section Entitled “Endorsements”. Such a section may not be included in the Modified Version.
N. Do not retitle any existing section to be Entitled “Endorsements” or to conflict in title with any Invariant Section.

O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary Sections and contain no material copied from the Document, you may at your option designate some
or all of these sections as invariant. To do this, add their titles to the list of Invariant Sections in the Modified Version’s license notice. These titles must be distinct from any other section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements of your Modified Version by various parties—for example, statements of peer review or that the text has
been approved by an organization as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25 words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only one passage
of Front-Cover Text and one of Back-Cover Text may be added by (or through arrangements made by) any one entity. If the Document already includes a cover text for the same cover, previously added by
you or by arrangement made by the same entity you are acting on behalf of, you may not add another; but you may replace the old one, on explicit permission from the previous publisher that added the
old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use their names for publicity for or to assert or imply endorsement of any Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the terms defined in section 4 above for modified versions, provided that you include in the combination all
of the Invariant Sections of all of the original documents, unmodified, and list them all as Invariant Sections of your combined work in its license notice, and that you preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant Sections may be replaced with a single copy. If there are multiple Invariant Sections with the same
name but different contents, make the title of each such section unique by adding at the end of it, in parentheses, the name of the original author or publisher of that section if known, or else a unique
number. Make the same adjustment to the section titles in the list of Invariant Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original documents, forming one section Entitled “History”; likewise combine any sections Entitled “Acknowledge-
ments”, and any sections Entitled “Dedications”. You must delete all sections Entitled “Endorsements”.

6. COLLECTIONS OF DOCUMENT'S

You may make a collection consisting of the Document and other documents released under this License, and replace the individual copies of this License in the various documents with a single copy
that is included in the collection, provided that you follow the rules of this License for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under this License, provided you insert a copy of this License into the extracted document, and follow this
License in all other respects regarding verbatim copying of that document.

7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents or works, in or on a volume of a storage or distribution medium, is called an “aggregate” if the
copyright resulting from the compilation is not used to limit the legal rights of the compilation’s users beyond what the individual works permit. When the Document is included in an aggregate, this License
does not apply to the other works in the aggregate which are not themselves derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies of the Document, then if the Document is less than one half of the entire aggregate, the Document’s Cover Texts may be placed
on covers that bracket the Document within the aggregate, or the electronic equivalent of covers if the Document is in electronic form. Otherwise they must appear on printed covers that bracket the whole
aggregate.

8. TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Document under the terms of section 4. Replacing Invariant Sections with translations requires special
permission from their copyright holders, but you may include translations of some or all Invariant Sections in addition to the original versions of these Invariant Sections. You may include a translation of
this License, and all the license notices in the Document, and any Warranty Disclaimers, provided that you also include the original English version of this License and the original versions of those notices
and disclaimers. In case of a disagreement between the translation and the original version of this License or a notice or disclaimer, the original version will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the requirement (section 4) to Preserve its Title (section 1) will typically require changing the actual title.

9. TERMINATION

You may not copy, modify, sublicense, or distribute the Document except as expressly provided for under this License. Any other attempt to copy, modify, sublicense or distribute the Document is
void, and will automatically terminate your rights under this License. However, parties who have received copies, or rights, from you under this License will not have their licenses terminated so long as
such parties remain in full compliance.

10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation License from time to time. Such new versions will be similar in spirit to the present version, but may
differ in detail to address new problems or concerns. See http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number. If the Document specifies that a particular numbered version of this License “or any later version” applies to it, you have the
option of following the terms and conditions either of that specified version or of any later version that has been published (not as a draft) by the Free Software Foundation. If the Document does not specify

a version number of this License, you may choose any version ever published (not as a draft) by the Free Software Foundation.
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Answers and Hints

Que a quien robe este libro, o lo tome prestado y no lo devuelva, se le convierta en
una serpiente en las manos y lo venza. Que sea golpeado por la paralisis y todos sus
miembros arruinados. Que languidezca de dolor gritando por piedad, y que no haya
coto a su agonia hasta la ultima disolucién. Que las polillas roan sus entranias y,
cuando llegue al final de su castigo, que arda en las llamas del Infierno para siempre.

-Maldicion anoénima contra los ladrones de libros en el monasterio de San Pedro, Barcelona.
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